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Abstract

In this thesis we study different aspects of the asymptotic symmetries of the gravitational
field as described by general relativity. We first briefly recall the surprising fact, uncovered
by Bondi, van der Burg, Metzner and Sachs (BMS) [1]-[3] in the 1960s, that in the limit of
a vanishing gravitational field the symmetry of spacetime does not reduce to the Poincaré
group but is in fact described by an infinite-dimensional generalization thereof. In what
follows this BMS group will be the central object of our interest.

The following chapter is devoted to the analysis of asymptotic symmetries in the Hamil-
tonian formulation of general relativity. We revisit previous treatments [4, 5] and find that
at spatial infinity a symmetry which is even larger than BMS can be obtained.

It has been shown by Witten [6] in the 1980s that 2+1 dimensional gravity is completely
equivalent to a specific gauge theory with Poincaré as gauge group. We investigate the
question whether it is possible to obtain a gauge theory with BMS as gauge group.

Next we turn to the topic of the deformation of symmetries. After reviewing the math-
ematical notions of Hopf algebras and twist deformations we generalize the xk-deformation
[7]-[11] of the Poincaré to the BMS algebra.

We then consider the topic of black hole entropy and revisit one of the earliest attempts
of a microscopic explanation of its origin by 't Hooft [12]. By including backreaction effects
we find a natural explanation for a certain regulator, which has been introduced ad-hoc
by 't Hooft, and thereby remove the previous need to fine-tune its value.

Lastly, we review the information loss paradox and how it might be connected to the
BMS symmetry [13] and point out that our results from the x-deformation of the BMS

algebra could be relevant in this context.
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1 Overview

Symmetries play a crucial role in the formulation of the fundamental theories of physics. A
system is said to be symmetric if it is invariant under some transformation or a set thereof.
If a system is, for instance, invariant under translations the outcome of any experiment
is independent of where in space it is performed. Such a set of symmetry transformations
is referred to as a symmetry group. In particle physics the underlying symmetry is the
Poincaré group, which is the symmetry of spacetime in absence of a gravitational field and
is fundamental for special relativity.

In this thesis we are concerned with the symmetries of spacetime in the presence of a
gravitational field as described by general relativity (GR) and seen by an observer far away
from the field’s source. Such symmetries, which leave invariant the behavior of the space-
time metric only at large distances, are called asymptotic symmetries. They have been
first studied by Bondi, van der Burg, Metzner and Sachs (BMS) [1]-[3] in the 1960s with
the surprising result that asymptotically flat spacetimes exhibit close to null infinity, i.e.
at large light-like distances, an asymptotic symmetry, the so-called BMS symmetry, which
is much larger than the Poincaré group and is in fact an infinite-dimensional generaliza-
tion thereof. Since BMS described the symmetry of spacetime in the limit of a vanishing
gravitational field one can conclude that in the low-energy limit general relativity does
not, in fact, reduce to just special relativity. The aim of this thesis is to develop a better
understanding of this baffling, yet well-established, fact and to investigate its implications
in a number of different contexts.

In section 2, which is based on parts of our publication [14], we explain how the BMS
group emerges, in three and four-dimensional spacetimes, from analyzing the symmetries
of asymptotically flat spacetimes and it is therefore the foundation which the subsequent
sections will frequently refer to. Special attention will be paid to certain extensions of the
original BMS group which have recently been proposed by Barnich and Troessaert [15].
We show that they contain an infinite number of Poincaré subgroups in four dimensions,
a result that has previously been established in three dimensions only.

In section 3, which reproduces our preprint [16], we explore asymptotic symmetries
in the Hamiltonian formulation of GR and in particular their relation to boundary terms
present in the Hamiltonian. It was explained by Regge and Teitelboim [4] that such
terms can be understood as Noether charges which generate the asymptotic symmetries
of the system. Their analysis of asymptotically flat spaces lead to the result that the
asymptotic symmetry of such spaces at spatial infinity, i.e. at large spacelike distances,
is the Poincaré group and not an enlargement thereof. A natural question that arises is
why the asymptotic symmetries at spatial and null infinity are so different. Only recently
this question has been addressed, by Henneaux and Troessaert [5, 17], revealing that BMS
might be the symmetry at spatial infinity after all. We are going to revisit their analysis
and find that one can obtain an even larger symmetry group at spatial infinity.

Section 4 is about the relation of GR and gauge theories. The fundamental theories



describing the electromagnetic, weak and strong interactions are formulated as gauge
theories and at first sight they appear to have a structure which is entirely different
from that of GR, at least in its standard formulation. However, in the so-called vielbein
formulation many similarities appear and for the three-dimensional case Witten [6] has
shown that GR is completely equivalent to a gauge theory based on the Poincaré group.
We will investigate whether it is possible to generalize Witten’s construction in order to
obtain a gauge theory based on the BMS instead of the Poincaré group.

Section 5, which is based on our publications [14] and [58], is concerned with the
deformation of symmetries. Such deformations are studied because they are thought [18]
to shed some light on the elusive theory of quantum gravity [19], which seeks to describe
gravity in regimes where quantum mechanical effects can not be neglected. Examples for
such regimes are the center of a black hole and very early times in the standard model of
cosmology, where in both cases GR predicts a divergent density. These divergences are
commonly interpreted to signal a breakdown of GR and the need for a more fundamental
theory of quantum gravity arises. Despite many efforts, to this day there exists no such
theory which is broadly accepted and confirmed by experiment. Now, the x-deformation
[7]-[11] of the Poincaré algebral, a particular scheme of deformation, is believed to describe
the symmetries of spacetime in the limit of a vanishing gravitational field at the Planck
scale [20], which is the scale at which it is expected that quantum gravity effects can not be
neglected. Since in the limit of a vanishing gravitational field the symmetry of spacetime is
in fact much larger than the Poincaré group we are going to generalize the k-deformation
to the BMS group. As they are a prerequisite for performing this deformation we will first
introduce a few mathematical notions, such as Hopf algebras and twist deformations.

Finally, in section 6 we first discuss Hawking radiation [21] and black hole entropy. The
discussion of black hole entropy reproduces our publication [65]. When quantum effects are
taken into account a black hole emits black body radiation at a temperature proportional
to its inverse mass and it carries entropy proportional to the horizon area. What are the
microscopical degrees of freedom responsible for this entropy? This is a long-standing
question which still did not find a conclusive answer. Here we revisit one of the earliest
attempts at an explanation by 't Hooft [12], who proposed that black hole entropy is the
thermal entropy of a gas of quanta at Hawking temperature near the horizon. The novelty
of our approach lies in the consideration of backreaction effects which have been neglected
in the original treatment. The second part of this section is concerned with the information
loss paradox [22] and a loophole [13] related to the BMS symmetry, recently proposed by
Hawking, Perry and Strominger, which could potentially provide a solution. We are going
to briefly explain what the paradox is about and describe an ongoing discussion in the
literature about the validity of aforementioned loophole. Lastly, we show that in fact our

results from the x-deformation of BMS enter this discussion and explain the implications.

LOur discussion will mainly be on the level of the Lie algebra corresponding to the symmetry group,
which can be thought of as describing infinitesimal symmetry transformations. The Lie algebra is the
tangent space at the identity of the Lie group.



2 Symmetries of asymptotically flat spacetimes

In this section, which partially reproduces our publication [14], we will present the BMS
algebra and discuss its structure. We start with the four-dimensional case, which is more

familiar, and in the next subsection we turn to the simpler three-dimensional case.

2.1 Four-dimensional gravity
2.1.1 Bondi coordinates, boundary conditions and BMS algebra

In an effort to better understand gravitational waves in the full, non-linear theory of GR,
BMS [1] [2] [3] investigated solutions to Einstein equations which consist of an isolated
source and which become flat at null infinity, see figure 1. The definition of asymptotic
flatness employed by BMS is that in the limit of large r, while keeping all other coordinates

constant, the spacetime metric behaves as
- —1
i g, = 1 +O(), (2.1)

where 7, is the Minkowski metric. We are going to use the same definition throughout
and only mention that there exist other, coordinate independent, definitions, see [23], [24].

Naively one could expect that the symmetry group, as seen by an observer close to
null infinity, of such asymptotically flat spacetimes is just the Poincaré group. The sur-
prising result of BMS was that the symmetry transformations that leave the form of an
asymptotically flat metric invariant do not just include translations, rotations and boosts
but also so-called supertranslations, which can be thought of as angle-dependent trans-
lations. These asymptotic symmetry transformations form the BMS group, which is a
semi-direct product of the Lorentz group with an infinite-dimensional abelian group of
supertranslations.

The analysis of BMS has been carried out using coordinates (u,r,z?) in the Bondi

gauge

g =0, ¢"=0, detgap=rtdetyap, (2.2)

where uw = t — r is the retarded time, z*

are angular coordinates and detyasp is the
determinant of the unit sphere metric. The first condition implies that the normal vector
of hypersurfaces defined by u = const., n* = g"”0,u, is null and thus u is labeling null

A are defined such that the directional derivative

hypersurfaces. Angular coordinates x
along n* vanishes, n“@uxA = 0, and r is defined such that the area of a 2-surface u =
const.,r = const is 4wr?. After lowering the indices these conditions are ¢, = g4 = 0.

Using these Bondi coordinates, BMS write the spacetime metric in the form [2]

ds®> = — Ue?Pdu® — 2¢*Pdudr + r’gap (da:A - UAdu> <da?B - UBdU) ) (2.3)



I+

(4

Figure 1: Penrose diagram of Minkowski spacetime. A null geodesic is presented in blue
and a timelike geodesic in orange. We denote with i*, i~ future and past timelike infinity,
I+, 7~ future and past null infinity and ¥ spatial infinity. Intuitively one can think of Z—
as the region where null geodesics originate and of Z* as the region where they end.

where U, 8 and U4 are functions of u, r, 2.
In line with their analysis, asymptotically flat spacetimes at null infinity are defined
by assuming the following expansion of metric functions, see also [15, 25, 26|

B=%+5;+O(r*3)

T

U=1- " + O (r )
1 1 2 1
A_toga L _fya LA BC
u-= 7"2U T [ 3N * 16D (CBCC ) (24)

1
+2CABDCCBC:| +0 (T‘_4>
1 1 »
JAB = VAB + ;CAB + ﬁDAB +O(r™7),

where v4p is the round metric on the unit 2-sphere and D4 the covariant derivative

associated with y4p. We thereby define boundary conditions which describe the large-

distance behavior of the metric. The function mp(u,z?) is referred to as Bondi mass

aspect, N A(U,ZEA) as the angular momentum aspect and the retarded time-derivative
Nap(u, :L’A) = 0,Cap(u, xA) as Bondi news. In the literature exist several different defi-
nitions of Ny, see [15, 25, 26, 27], where for definiteness we cite the one given in [26].

Imposing the above determinant condition, i.e. the last condition in (2.2), makes Csp



traceless. To see this we first act with the r-derivative
9gAB

and then consider

ABC
= dety (1 + 1 4B, (’)(7’_2)> . (2.6)
Now, acting with the r-derivative on the above expression yields
AB
9AB 7" CaB _
Oy det <r2> = —det T +0(r %) (2.7)

and vanishing of the leading order implies that C'4p is traceless. Since C'4p is traceless and
symmetric it has two polarization modes and contains the information about gravitational

radiation near Z+.

Imposing Einstein field equations in vacuum?, R,, = 0, one obtains the following

conditions
Ua=-DBCup/2, Bo=0, b= —%CABCAB (2.8)
and the metric now reads
ds®> = — du® — 2dudr + TQWABdmAd:EB
+ QmTBduQ +rCapdz?dz® + DPCypduda® + #C’ABCABdudT
+ 1"% ENA - éDA <CBCCBC> — 0BDeCpe | dudz?
+ (subleading terms). (2.9)

Since the boundary conditions (2.4) allow the g,4 component to be of order O(r)
it might seem that the metric is not asymptotically flat, since in the large r limit this
component is not suppressed. Transforming to Cartesian coordinates reveals that this
component is in fact subleading and instead of explicitly performing this transformation
one can argue directly from the form of the metric (2.9) that this has to be the case.
Since the first line just gives the diagonal matrix diag(—1,1,1,1) when transforming to
Cartesian coordinates y* we can infer that dr ~ du ~ O(r%) - dyt, dz® ~ O(r=1) - dy*
and it is therefore clear that the asymptotic flatness of (2.9) is not spoiled by the g,

component.

2For simplicity we only consider pure gravity. Allowing a non-vanishing energy-momentum does not
change our discussion of asymptotic symmetries, see [26] for details.



Before proceeding with the discussion of the asymptotic symmetries, we note that one
of the central results of [1] is that the mass of the system, M(u) = [ d?Qmp(u,z4), is
constant only for vanishing Bondi news and it is otherwise a monotonically decreasing
function of u. This has the physical interpretation that the Bondi news describes the
rate of gravitational radiation which, when non-vanishing, carries away mass through null
infinity.

We are now describing how the asymptotic symmetries of the metric (2.9) are ob-
tained. Since the Lie derivative tells us how the metric changes under a transformation
of coordinates x#* — x* 4 £* we can find transformations which preserve the Bondi gauge

by the following demands on the Lie derivative

Legrm =0, Legea =0, Le0, det (gAB /7"2> —0. (2.10)

Similarly we find transformations which leave the asymptotic form of the metric (2.9)

invariant by demanding
Leguu = O (7“_1) v Legur =0 (7“_2> v Legua =0 (TO) . Legap =0(r). (2.11)

Solving these requirements one obtains the BMS generators in terms of two functions on
the sphere f(z,%) and R4(z, %), see also [15, 28]

§(f.R) = [f +5DaR +0 (ro)] O

+ [RA - %DAf +o (r_l)} 4 (2.12)

+ [—T —; uDARA + %DADAf +o0 (7“0)] O
which can be understood as “asymptotic Killing vectors” since they do not leave the
metric invariant everywhere but only at the boundary. While f is unconstrained the last
condition in (3.29) imposes that R4 has to obey the conformal Killing equation on the
2-sphere

DsRp + DpRa = yapDcRC. (2.13)

For our further discussion it is helpful to introduce a specific choice of angular coordinates.
We will use complex stereographic coordinates z4 = (z,z), which are related to the
standard coordinates (6, ¢) via z = €'® cot(6/2), Z = z*. The unit round metric y4p reads
in these coordinates v,z = ﬁ

In these coordinates the equation (2.13) imposes the conditions 9,R* = 0 and 0z R* =
0, so that R*(z) is an holomorphic function and R?(Z) antiholomorphic. If we demand
that £(f, R) are to be globally well-defined there are further restrictions on R4. To see
this we expand R? in monomials 2"*! and consider the vector v, = 2"*t19, which is the

z-component of £&. The vector v, is divergent at z = 0 for n < —1 and it is divergent in



the limit z — oo for n > 1, where z = 0 corresponds to the north pole and z — oo to
the south pole on the 2-sphere. It is clear that in both limits v, is finite at n = —1 but
to demonstrate that it is also finite for n = 0,1 we take the limit z — oo by introducing
w = z~! and setting w = 0 and find v, = —w™""19,,, which is indeed finite at w = 0 for
n = 0,1. By the same argument one finds three more globally well-defined functions for R*
and below we show that the Killing vectors £(0, R) with R* = 2"t R? = 2"+l n = 41,0
are in fact the generators of Lorentz transformations.

In leading order these Killing vectors form the four-dimensional BMS algebra B, which

is an infinite-dimensional algebra with the bracket [2§]

£(f7 f%) = [’S(f? R)aé(flaR/)] ’ (2'14)

where
f=RADaf + L fDAR — RAD,f — 1 f'DARA
2 2 (2.15)
R* = RPDpR™ — RBDpRA.
It can be seen from (2.14) that 7" = &(f,0) form an abelian ideal of the algebra. These
generators are referred to as supertranslations since they generalize the Poincaré transla-
tions. The generators [ = £(0, R) contain the Lorentz algebra and possible extensions of
it which will be referred to as superrotations.
It is interesting to observe what happens when one acts with a supertranslation on the
Minkowski vacuum, which is characterised by mp = C,, = N,, = 0, and in which case
one finds [27]

Lymp =0, LfN,,=0, L;C,,=—2D2f. (2.16)

The supertranslated vacuum still has zero Bondi mass and Bondi News but it obtains a

finite C, term. Furthermore, for the curvature to vanish we need to have [27]
C.. = —2D?C(z, %), (2.17)
where the function C' transforms as
L;C=f. (2.18)

The fact that the supertranslations, despite being an asymptotic symmetry, do not leave
the vacuum invariant can be viewed as the spontaneous breaking of that symmetry and C
is labeling inequivalent gravitational vacua, see also [29]. We will return to this important
point later in this section where we observe an analogous effect on the level of Poincaré
subalgebras of B.

For our further discussion it will be useful to expand supertranslations and superrota-



tions in the basis of z, Z monomials

Zmzm

fon = 1 Bi= = R (2.19)
zZ

In terms of the basis vectors Ty, = &(finn,0), In = £(0, R%), I, = £(0, RZ) the algebra
(2.14) takes the form

[lma ln] = (m - n)lm-l—n, [Zma [n] = (m - n)lm+na [lm7 ln] = 07

[+1

- [+1
[lla Tm,n] = <2 - m) Tm—l—l,nv [lla Tm,n] = <2 - Tl> Tm,n—l—l' (220)

There exist different versions of this algebra in the literature, as is explained in detail in
the next subsection, and which values for [, m, n are allowed depends on which version one

chooses.

One can identify the Poincaré translational generators in Cartesian coordinates as

Py+ P33 =T, Py— P3="Too,
P =Tio+To1, Po=i(Tio—Tor), (2.21)

and the boosts and rotations as

1 T J 7
Ji= =+l b+, K=+l =l =)

i T 1 T
J2:§(Z1—Z,1+l1—|—l,1), ngi(ll—l71+l1—l71)

Js=1l+1l, Ks=Iy—I (2.22)

and the elements {ly, L1, o, iingo,Tll,Tlo,T01} therefore form a subalgebra isomorphic

to the Poincaré algebra.

2.1.2 Extensions of BMS and Poincaré subalgebras

Historically, the BMS algebra BéMS of Bondi, van der Burg, Metzner, and Sachs was
first defined as the semi-direct sum of the infinite-dimensional abelian algebra of super-
translations s and the Lorentz algebra so(3,1), i.e. ly,l, with n = 0,+1 and T, with
p,q €N

Biys = s0(3,1) @g s. (2.23)

This corresponds to the above mentioned case of globally well-defined Killing vectors.
Two extensions of the Bg,q algebra have been proposed in recent years. In [15] the

algebra is extended by including all /,,, n € Z, which implies the inclusion of m,n € Z

the labels of T}, ,, as well. The generators of the extended Lorentz algebra [,, are referred

to as superrotations. The resulting algebra is referred to as extended BMS algebra and



is the semi-direct sum of two copies of infinitesimal diffeomorphisms on S and extended
supertranslations s*

B! (Diff(sl) ® Diff(sl)) D 8", (2.24)

ext —

with commutation relations still given by (2.20).
In [30] a different extension has been proposed in which R4 is not constrained by the

conformal Killing equation. To this end the condition (3.29) is softened to
Legan = O(r?) (2.25)

which allows the leading order of gap to fluctuate such that it is not identical to the round
metric anymore. In particular this means that in the large r limit one does not obtain the
Minkowski metric and one is thus working with a different notion of asymptotic flatness,

which is explained in detail in [30]. Since R“ is not constrained the resulting algebra is
B,., = Diff(5%) @g's (2.26)

and is referred to as generalized BMS algebra.
Contrary to the classical BMS algebra B4BMS the extended BMS algebra (2.20) contains

an infinite number of (overlapping) subalgebras generated by the sets of 10 generators

{ZOa l:t(1—2n)7 l_07 l_:l:(l—Qn)v Tn,na Tlfn,ny Tn,lfna Tlfn,lfn}

with n € Z, which are isomorphic to the Poincaré algebra after rescaling

: (2.27)

where m = 1 — 2n. Note, however, that this is not an automorphism on the entire B2

ext»
e.g.

1 1

which coincides with (2.20) only for m = 1. These Poincaré subalgebras will play an
important role in section 5.4 which is concerned with the k-deformation of Bi,. As
we are going to show, these subalgebras lead to a family of so-called twist deformations
parametrized by n.

It is tempting to identify these Poincaré subalgebras with the aforementioned inequiva-
lent vacua. But notice that these subalgebras only exist when one allows for superrotations
whereas the inequivalent vacua are obtained from the original vacuum with C' = 0 purely
by supertranslations so this identification is not completely clear. As we are going to see

in the next section these subalgebras also exist in the 3 dimensional case and we are able



to show explicitly that they are the isometries of inequivalent vacuum solutions.

2.1.3 BMS charges

Before we continue with the discussion of the three-dimensional case we mention, for later
reference, some facts about charges associated with the BMS symmetry. It is well known
that every continuous symmetry of a theory is associated with conserved charges, see
[31] for an interesting review of Noether’s theorem. In a Hamiltonian formulation these
charges generate the symmetry transformation via the Poisson brackets. The same holds
true for the asymptotic symmetries in general relativity, see e.g. [4], with the peculiarity
that the associated charges are given by surface integrals (instead of volume integrals as is
generically the case in a field theory). This has to do with the fact that as a consequence
of the general diffeomorphism invariance of GR the bulk part of the Hamiltonian vanishes
as a constraint. We will have a lot more to say about the Hamiltonian formulation of GR
in section 3.

Since we are interested in asymptotic symmetries at null infinity the charges should
be given as surface integrals at null infinity. This is problematic since due to the presence
of radiative fluxes the charges are in general not actually conserved, which has spawned
a number of proposals to resolve this problem, e.g. [25, 32, 33]. Owing to the different
approaches to this problem in the literature one can find slightly varying expressions for
the BMS charges but for concreteness we cite here [26] (this reference also discusses the

other expressions). Supertranslation and superrotation charges are given therein as

1

@ =T5x

/ d*Q [4 fmp — 2ugRAD gmp + 2RAN 4

1 1
—gRADA (CBcCBC> — ERACABDCCBC . (2.29)

2.2 Three-dimensional gravity
2.2.1 Fall-off conditions and BMS algebra

In the case of three-dimensional gravity the discussion of asymptotically flat spacetimes
is similar to the four-dimensional case. One should be aware, however, that despite the
formal similarities of three-dimensional and four-dimensional gravity they are in fact very
different theories. The main difference is that in three-dimensional gravity with a vanishing
cosmological constant every vacuum solution is flat, which is a consequence of the fact
that the Weyl tensor, which describes the only part of curvature that can exist in vacuum,
vanishes identically, see e.g. [34]. In particular this implies that gravitational radiation
does not exist in three-dimensional gravity.

Nonetheless one can impose boundary conditions which define asymptotically flat

spacetimes and investigate the asymptotic symmetries, just as we did in the four-dimensional

10



case. The boundary conditions are chosen to be [28]
ds* = (—1 + guu) du® + 2 (—1 + gw> dudr
r r

= 2
+ (h(u, z) + guz) dudz — <T2 + §ZZ7“> dz? + subleading, (2.30)
r z
where the barred metric components are functions of u = t—r and z = €**. The asymptotic
Killing vectors for supertranslations can be parametrized by z" and read [35]

o0 dr/

T, =2"0, — nz"! / ﬁgr/uaz

T

o dr’ nz"t
+ (rnzn/ ﬁ(ngr’u + azgr’u) + r gzu) 87’7 (2‘31)
r

where the unbarred metric components are the full, r-dependent components, and using
their large r behavior according to (2.30) the supertranslation generators can be written
as

n n+1

Tn—2n8u+< i

r

+ 0(1/73)) L - (an” +o(1 /7«)) b, (2.32)

For the superrotations the Killing vectors are, using the same parametrization,

d / 2. n+1
l,, =i <nuz"8u — <m“z" — uzn?d, [z" / rggwu} + r Zr Guz | Or

d /
+ 2"t <1 — un? / ngr/u> 8z> (2.33)

and using the expansion at large r

l, =iz" <nuc'?u — (Tn + O(TO)) or + (z + O(r_1)> 82) . (2.34)

Setting m = 0, £1 one obtains the generators of the three standard Poincaré translations,

one rotation and two boosts which are related as

O =Ty, 0Or=T1+T_1, 8y = Z(Tl — Tfl) (235)
8¢ =lp, 20 —t0p, =l +1_1, yo—to, = i(ly —1-q). (2.36)

At leading order the Killing vectors, under the standard Lie bracket, form a representation

of the abstract infinite-dimensional BMS3 algebra with m,n € Z
[l ln] = (M = n)lmgns [lns T = (M = ) Tongn,  [Tn, Tn] =0, (2.37)
which we refer to as B3.
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Notice, that in order for the Killing vectors to form a faithful representation of the
BMS algebra at all orders the Lie bracket has to be modified [28]. This modification arises
because the T, and l,, leave the metric only asymptotically invariant and since they
themselves depend on the metric components one has to take into account the change of
the Killing vectors induced by the change in the metric.

We now introduce, for convenience, lightcone coordinates which are related to Cartesian
coordinates by
+ ¥ + 22 29 — 22 1 1

= s ;U_: y r =X 238
7 (2.38)

and the three-dimensional Poincaré algebra in lightcone coordinates reads

[Mi1, Mq] =inuMi—, [Mi—, My1] = Fing— My, (2.39)
[My_, Py] = Finy Py, [My1,P1] = —inuPy, (2.40)
[Mila P¥] = Z"I’]+,P1 ) (241)
where 14— = n_4 and 711 denote Lorentzian metric components, cf. [36].

2.2.2 Poincaré subalgebras and corresponding vacua

We find that for each n = 1,2,--- € N there is an embedding of (2.39)-(2.41) to the

infinite-dimensional Lie algebra (2.37)

1

M+_ = —Zlo, M:I:l = ﬂ:ﬂlin, (2.42)
?
if one identifies ny_— = n_4+ = —n11 = n. Consider for instance the following commutator

and substitute according to the above embedding
1 .
[My_,M_;] — §[ln,l_n] =nly =inM,_

and for the other commutators the embeddings can be checked in the same way. Here
we rescaled the metric instead of the generators and as a consequence the algebra (2.37)
to which we embed does not change, which is in contrast to the four-dimensional case.
Instead now the subalgebras (2.39)-(2.41) change since the metric components depend
on n and it is not possible to find embeddings such that both algebras are unchanged.
Therefore it does not really matter if we rescale the metric or the generators, the important
point is that B3 contains infinitely many subalgebras which are isomorphic to the Poincaré

algebra®.

3With the replacement M — nM the n drops out of all the commutators in (2.39)-(2.41) and they are
therefore isomorphic to the Poincaré algebra with ny_ =n_4y = —nmi1 =1
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Each of these Poincaré subalgebras has its own mass Casimir C,, = n®P, Py, = 2T, T, —
T2, which however is not a central element for the entire B3 (BMS Lie algebra is centreless).
Of course, the identification (2.42) - (2.43) is unique up to an automorphism of the full B3
algebra; e.g. one can apply an involutive automorphism: [, — —Il_,,,, T, — —T—,,,. We
can therefore see that B3 can be composed entirely from subalgebras which are isomorphic
to the Poincaré algebra. Moreover, it turns out that they are maximal finite-dimensional
subalgebras of (2.37).

Let us construct explicitly the vacua corresponding to different choices of the Poincaré
subgroup. We take as a starting point the general solution of the vacuum Einstein equa-

tions in Bondi gauge [28]
ds* = O(¢)du® — 2dudr + (uO'(¢) + =(¢)) dudp + r*d¢?, (2.44)

where © and = are arbitrary periodic functions of ¢. In [28] a further generalization is
considered by allowing metrics with angular part r2e?¢d¢?, ¢ = p(u, ) but we consider

here only the case ¢ = 0. Writing this solution using z = €’ one obtains
r2
ds? = O(2)du® — 2dudr + (uO(z) —iZ(2)z ') dudz — ?dz2. (2.45)

Plugging the metric components into (2.31) and (2.33) one obtains for the generators of

supertranslations

n+1 n+1
T, = 2"8, — <n2z” - ”ZT gzu> O, + ”ZT 0. (2.46)

and of superrotations

2, n+l1 2
unz un
I, = tunz"0, — 1 (nrz" +un32" + guz> 9, +iz"H (1 + ) 0. (2.47)
T r
By demanding that the Lie derivative of (2.45) with respect to the generators com-
prising the embeddings vanishes we obtain a metric that is invariant under the action of
these generators. One finds that the only non-vanishing components of the Lie derivative

with respect to T, and [,, are

‘CTngUU = _;ZTH—I@,’ ETnguz = Zn_l(@n + 113)
Qun?z"t1 _
Elngur - _Tgfﬂu ﬁln = 4un2zn 1gzu~ (248)

All Lie derivatives vanish for n = 0 and for arbitrary n if we demand Z = © = 0 and
© = —n?. Notice that for © = —1 we correctly recover invariance only under standard
Poincaré transformations with n = 0,4£1. Since the metric is also invariant under the

action of T_,,l_, using the same demands on ©,= we can conclude that the generators
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To, T4, lo, I+, are the exact Killing vectors of the following solution of Einstein vacuum

equations

2
ds* = —n?du® — 2dudr — %sz. (2.49)
z
This metric can be diagonalized to become
2 2, L o 9.9
ds” = —di” + — dr* +r°do”,
n
which after rescaling r — r/n becomes
ds® = —dt* + dr® + r’n’d¢* . (2.50)

For n = 1 this is the standard flat space metric, but for n # 1 (2.50) is the metric of the
space with conical singularity. This connection between the solutions with a conical defect

and the Poincaré subgroups has previously been noted, using a different formulation, in
[37].
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3 BMS symmetry in the Hamiltonian formulation of general

relativity

3.1 Introduction

In their seminal paper from 1974 Regge and Teitelboim [4] have analyzed asymptotically
flat spacetimes in the Hamiltonian (ADM) formulation of GR. * Their main result was
that certain surface integrals at spatial infinity have to be added to the Hamiltonian in
order for Hamilton’s equations to be well defined. These surface integrals are conserved
quantities and form a representation of the Poincaré algebra. They can therefore be un-
derstood as the Noether charge associated with the Poincaré symmetry and in particular
they asymptotically define the total energy-momentum of the system. Since the con-
sidered spacetimes asymptotically approach Minkowski spacetime this appears to be a
well-expected and reasonable result. But in light of the above discussed BMS symmetry
the question arises why the asymptotic symmetries at null infinity are so different from
the ones at spatial infinity. Or are they?

In the recent publication [5] Henneaux and Troessaert revisit the analysis [4] and obtain
finite charges generating BMS supertranslations at spatial infinity. Therefore the asymp-
totic symmetry of asymptotically flat spacetimes, according to [5], is the (unextended)
BMS group. This is in contrast to the original result of [4] where these charges were found
to vanish and the asymptotic symmetry determined to be the Poincaré group and not the
BMS group. The key difference of the two approaches is that Henneaux and Troessaert
make the asymptotic expansion in spherical coordinates that makes it possible for them to
use different parity conditions on the phase space functions than the ones used by Regge
and Teitelboim in their case of Cartesian coordinates expansion. These conditions are a
crucial point of the analysis because they guarantee cancellation of divergences, generally
plaguing expressions for the asymptotic symplectic form and the charges.

The treatments in [4] and [5] have in common that they take as a starting point a
generic asymptotic expansion defining falloff conditions for the spatial metric and its con-
jugate momenta. Here we instead perform a 3+1 decomposition of a spacetime metric in
Bondi coordinates which is asymptotically flat at null infinity, off-shell and fulfills the Bondi
gauge except for the determinant condition. We drop the determinant condition since, as
will be explained in detail, its presence drastically reduces the asymptotic symmetry at
spatial infinity, with spatial (super) translations absent. Using the ADM formalism we
express the expansion of the spatial metric and momenta in terms of the metric functions
and their derivatives. These expressions are then substituted into the symplectic form,
Hamiltonian and diffeomorphism constraint and charges given in [5]. This procedure leads
to two interesting insights.

First, it shows that the falloff conditions on the conjugate momenta translate to the

“The Hamiltonian formulation referred to here is the one by Arnowitt, Deser and Misner (ADM) [38, 39].
There also exists the covariant phase space formulation [32, 40, 41].
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statement that only such spacetimes are allowed that radiate only a finite amount of energy
and are therefore physically reasonable. We furthermore find that with the restriction
to such spacetimes the falloff conditions are sufficient to remove all divergences in the
symplectic structure and there is no need to introduce parity conditions.

Second, we find an asymptotic symmetry at spatial infinity that is larger than the BMS
symmetry. The crucial difference to the treatment of [5] is that we do not impose parity
conditions which leads to non-vanishing charges which correspond to supertranslations
that lie outside of the BMS symmetry. This larger-than-BMS algebra is isomorphic to the
one found by Troessaert [17].

The plan of this chapter is as follows. In the next section we review the ADM formalism
and recall the results presented in [4] and [5]. In the following section 3.4 we compute
the conjugate momenta and express them in terms of the spacetime metric components.
We then closely follow the treatment of [5] and analyze which differences arise when
substituting these expressions for the momenta. Section 3.5 is devoted to the discussion
of the asymptotic symplectic structure, while section 3.6 concerns the Hamiltonian and
diffeomorphism constraint. In section 3.7 we discuss the consequences for the asymptotic

symmetry.

3.2 Review of ADM formalism and the role of boundary terms
3.2.1 ADM formalism

Following [42] we briefly recall the main features of the ADM formalism, which includes as a
crucial ingredient a 341 decomposition of spacetime. Such a decomposition is obtained by
introducing a foliation of spacetime into spacelike hypersurfaces ¥;, defined by ¢ = const.,
where the only condition on ¢ is that the unit normal n, o« J,t has to be a future directed
timelike vector field. Further, one introduces a time-evolution vector field ¢* to define
the direction of time derivatives. The defining condition is t“0,t = 1, which allows to
interpret the directional derivative t*0,, as J; and thus ensures that the direction of time
derivatives is compatible with the meaning of time provided by t.
The vector field t* is usually decomposed into parts tangential and orthogonal to the
spatial hypersurfaces
t* = Nn® + N%y, (3.1)

where e = g‘;z are the tangent vectors on ¥;, x® are coordinates in the full spacetime

and y® are coordinates intrinsic to 3;. N is referred to as lapse and N’ as shift. Using

this decomposition of t* one can write

oz oz
dz® = —dt + —dy® = t“dt + e dy® 3.2
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and for the line element of a generic metric it follows
ds? = gapdr®da’ = —N2dt? + hay(dy® + Ndt)(dy’ + NPdt), (3.3)
where the definition of the induced metric
hap = gagegef (3.4)
has been used. The decomposition of the metric (3.3) furthermore implies that

v—g = NVh. (3.5)

Note, that asymptotic flatness demands for lapse and shift to behave asymptotically
as [4, 43]

N =1+0(1/r), N =0(1/r), N*=0(1/r?). (3.6)

Using t“ one can define hap = £1hay and conjugate momenta

0
7_[_ab

= o (V-9La), (3.7)

where hgp is the induced metric on ¥; and Lg is the volume part of the gravitational
Lagrangian density defined by the scalar curvature L = R°. In the 341 decomposition

this can be expressed as

V—9Lc =

3R+ (ha%bd . h“bh0d> Kachd] NV, (3.8)

where 3R is the scalar curvature associated with hy, and the extrinsic curvature Ky is
defined as

Ku = V,gnaegeb’g, (3.9)

with Vg denoting the covariant derivative with respect to g,,. Now one uses that hap can

be written as

hab = Ethab =2NKy, + Na|b + Nb|av (3.10)

which can be solved for K, to calculate the momenta

o 0K O
= Oy OKomn (V=9£c)

= Vh(K™ - Kh), (3.11)

5We are using units with G = ¢ = 1.

17



where K = hg, K. Notice that by this definition the momenta are tensor densities of
weight 1. Later we are going to use this last expression to write the conjugate momenta
in terms of g,3 and its derivatives.

The gravitational Hamiltonian can finally be expressed as
Hg = / {pabhab - \/_QEG} d*y
3t
- / [N (K“bKab _ K2 3R) _2N,V, (K“b _ Kh“b>] Vhddy
P
= / [NH 4+ N, 1 Vhd3y (3.12)
¢

which can equivalently be written in terms of momenta

1
it

Jh 2

where Vy is the covariant derivative with respect to hg. One can now use Hamilton’s

equations to obtain the equations of motion. Using the canonical commutation relations
{ha(@), 7%(y) } = 07,5 8(x,y) (3.14)

one finds that the equation hg, = {hab, Hg} just reproduces (3.10) and for the momenta

one finds from 7% = {7, Hg}

7% = — Nh3 (3R“b - ;hafﬁR) + %Nh“bh‘% <7rmn7rm" - ;#)

—2Nh 2 <7ram7r£’n - ;wabn> + he (V“V”N - h“bvmva) (3.15)
+ Vi (7ON™) = VN7 — VNP0
The momenta conjugate to IV, N, are vanishing, since the Lagrangian density does not

contain N, Na

_ L g p=Pke g, (3.16)
ON oNa

PN

These are referred to as primary constraints [44], because they arise without involving
the equations of motion. Preservation of the primary constraints introduces secondary

constraints
{pNaHG} =H :Oa {pmHG} :Ha 207 (317)

which implies that the Hamiltonian (3.12) itself is vanishing as a constraint. This is

characteristic for a theory that exhibits a gauge symmetry and in the present case reflects
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the diffeomorphism invariance of GR. To underline this important point we show that the
transformations generated by the constraint H, are indeed diffeomorphisms. To this end

we integrate the constraint over with an arbitrary test function &,

(I)[éa] = /dgyfaHa
— -2 [ @y, Vi (3.18)

- / ByViyar™,

where in the last line we have integrated by parts and assumed that boundary terms are

vanishing. Transformations are generated via the Poisson bracket

Shav(y) = {gab(y), ®[&k] }
= 2/d3y/§k/z (%) {hab(y)ﬂrkg (y’)} (3.19)
= V& + V& = Lehgy,
which we can recognize as the Lie derivative. By its definition the Lie derivative determines
how any tensor changes under an infinitesimal diffeomorphism 2’ — x* + £, which proofs

our initial claim.

In the presence of a boundary, i.e. for non-compact spaces, the Hamiltonian can obtain
non-vanishing contributions in the form of boundary terms, which we have neglected so

far but which will play a crucial role in the following subsection.

3.2.2 The role of boundary terms

To appreciate the role played by boundary terms in the theory we consider again Hamil-

ton’s equations, which are defined as the functional derivatives

0H

9ij = 57 (3.20)

- GH
= — . 3.21
500 (3.21)

These are, by definition, the coefficients of dg;; and 7% in the variation of the Hamiltonian
0H = / B3x[A98g;; + Bijon'). (3.22)

Therefore, for Hamilton’s equations to be defined properly, it is necessary that the variation
of the Hamiltonian can be put into the form of (3.22).
The important observation made by Regge and Teitelboim [4] is that in general this is
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not the case for the Hamiltonian of GR
He = / Py (e + €M), (3.23)

where ¢, €% are again arbitrary test function which parametrize the transformations gen-

erated by the constraints. Instead they found that extra boundary terms appear
6Hg = /d3y [Aij@ij +Bij577ij} +/d29K(fLafi)a (3.24)

which arise from a partial integration, just like the ones we have neglected in (3.18).
These boundary terms depend on &+, &% so one might be tempted to declare that only
such functions are allowed for which the boundary terms vanish. In [4] instead another
solution has been proposed that relates the issue of these boundary terms to the asymptotic
symmetries of the system.

The first step of this solution is to define the asymptotic behavior of hg, and 7% via
boundary conditions, e.g. one demands asymptotic flatness. One then allows only such
transformations &+, ¢ which preserve these boundary conditions. If in the variation of
the Hamiltonian no boundary terms appear, everything is well defined and the associated
transformation are pure gauge. In the case that the boundary terms are not vanishing it

is proposed to redefine the Hamiltonian in the following way. First, one rewrites (3.24) as
SHe = / P [AT5gy; + Bion®l| — GB(EH,€) (3.25)

and then one defines a new Hamiltonian H = Hg + B(¢1, %) such that it has well-defined

functional derivatives
§H =6 (HG + B(eL, gi)) - / &3z [Aijdgij n Bz-j(swif] . (3.26)

In the presence of a boundary therefore something curious happens, namely certain dif-
feomorphisms seize to be pure gauge transformations since they are generated by a finite
Hamiltonian. Such transformations change the system in a way that is in principle mea-
surable and are referred to as improper gauge transformations. The set of transformations
that leave the boundary conditions invariant and which are generated by a finite Hamil-
tonian are then considered to be the physical asymptotic symmetry of the system.

Of course, there is no guarantee that such a procedure always works. The boundary
terms that arise could be divergent or it might not be possible to write them as a variation,
as is done in (3.25). In the latter case they are referred to as non-integrable. If that is the

case one needs to adjust the choice of boundary conditions and repeat the process.
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3.3 Summary of previous results

Regge and Teitelboim [4] considered asymptotic flat spaces and defined them using asymp-

totic Cartesian coordinates via the expansion

gij = 0ij + %Bij +0 (7"2) 527
7 = 7127_717 +0 (7“3) . ‘

They then applied the procedure explained above and found that in order to cancel diver-

gences in the charges the following parity conditions have to be imposed
hij(—n) = hij(l’l)7 ﬁ'i]’(—n) = —ﬁ'ij(l’l), (328)

where n is the unit vector. The resulting asymptotic symmetry then turns out to be
the Poincaré group and the redefined Hamiltonian asymptotically defines the total mass,
momentum, angular momentum and boost charge of the system.

An important remark is that in addition to the standard Poincaré translations and
Lorentz transformations the boundary conditions are also invariant under angle-dependent
translations but the associated charges vanish due to the introduced parity conditions.
This means that, according to [4], the asymptotic symmetry algebra is the Poincaré algebra
since the symmetry under angle-dependent translations is pure gauge, i.e., the charges
associated with these symmetries vanish as a consequence of the chosen parity conditions.

In their paper [5] Henneaux and Troessaert propose different parity conditions which
keep Hamilton’s equations well-defined but are less strict in the sense that they render the
charges associated with angle-dependent translations finite and it is shown that the algebra
of these charges is isomorphic to the BMS algebra. Instead of Cartesian coordinates used
by Regge and Teitelboim in [5] spherical coordinates are employed and the asymptotic

conditions take the form

Bpp =1+ %BM - T%h,ﬁ?) +o(r?) (3.29)
hea = hea + %h(ii +o(r Y (3.30)
hag = 12Jap + rhap + B5) + o(1) (3.31)

7" =7+ %W@)” +o(r7h) (3.32)
oA _ %ﬁm n T%W@)TA Fo(r2) (3.33)
7B = TizﬁAB + %W(Q)AB +o(r~3) (3.34)

while the parity conditions are

A~ 7B —even, p~ kg~ 7 = odd, (3.35)
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where

_ 1. _
Ty kAB = §hAB + )\’YAB (336)

h
(ﬁ”" — ﬁﬁ) . Ty =24 (3.37)

and yap is the unit metric on the sphere. Although a generic expansion of an asymptoti-

cally flat metric allows the term h,4 to be finite it is assumed in [5] that
hya =0 (3.38)

which is necessary in order for the boost charges to be integrable.
The parity conditions are introduced to cancel the following logarithmic divergences

in the Hamiltonian kinetic term, i.e., the symplectic structure

1 —rry —AB7T _ 1 =3 ABj,
/ dr— / dfdy (TF hpr 47 hAB) = / dr— / dfdyp (pA+7r(k) kAB)a (3.39)

which is zero when the parity conditions are assumed because the integral over the sphere
of a function with odd parity vanishes. It is furthermore demonstrated that all divergences
occurring in the expressions for the charges can be canceled by imposing that the lead-
ing order of the Hamiltonian and diffeomorphism constraint is vanishing and no parity

conditions have to be involved. The vanishing of the leading order imposes the following

relations
74 = —Dprh4 (3.40)
D7t =74 (3.41)
DDpk*B = DDk, (3.42)

which arise from H4, H" and H respectively.

To see how the cancellation of the divergences in the boundary terms works consider
for instance the divergence proportional to Y4, which appears in the term i d’zK in
(3.24) (see [5], Sect. 4 for details of derivation of these terms)

/d%KY = —2r7§d2xYA7AB(WB +0(1)
=2 f d*xYpDco7BC 4+ 0O(1)
=2 ?{ d*xD oY) 075¢ + O(1),
which vanishes since Y4 are the Killing vectors on the sphere and thus obey

DYp) = 0. (3.43)
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The transformations preserving the above boundary conditions are

1

gh=rb+F+0(r7), ¢=wo (i), fA:YA—i—;IA—i—O(r’Q) (3.44)

with
DaDpb+v4gb=0, Lyvyap =0, (3.45)

where b, F, W, Y are functions on the sphere and 4 = \2/—%7_1'7“‘4 + DAW. The vectors Y4

describe spatial rotations, b Lorentz boosts, f contains time translations through its zero
mode and W contains spatial translations through the [ = 1 terms in an expansion in
spherical harmonics. In order for the parity conditions (3.35) to be preserved as well [5]
further assumes

1 -
F = —3bA— 5bh+T, (3.46)

where T is an even function on the sphere and W is assumed to be odd. The above defined

transformations & form under the bracket

(61,605 = 61, Elgp + 00TEL — 81T Ey (3.47)

the following algebra

~

(?767 fv W) - [51 (Yh b17 Tla Wl) >§2 (Y27 b?a TQ) WQ)} M (348)
where

YA = YPopYs + 44 8b0gby — (1 4 2) (3.49)
b=Y by — (1 2) (3.50)
T = YA0uTy — 300 Wa — O4b1 D Wy — by D4 DAW5 — (1 <5 2) (3.51)

W =Y 04Ws — 01Ty — (1 ¢ 2), (3.52)

which is shown to be isomorphic to the BMS algebra. In (3.47) [&1,&2]gp is the surface

deformation bracket defined as

(€1, ) = E10iEr — ELDiET (3.53)
€1, &l = EROREL — EbOLEl + W (e opel — et oel) (3.54)

and 5;’”{1 is given by

i

0&1
d9ij

0,015 + 5506, (3.55)

53 S

The terms of the form 6]"¢; appear because £ depends on phase-space functions and
one therefore has to take into account the change of ¢ induced by the variation of these

functions.
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The boundary terms found in [5], which correspond to the term [ d’zK in (3.24), are
%dzxKg = 5%d2x {—QYA (?LABﬁTB + ’_)’ABW@)TB + ;LTATTTT>
N @ _ =L (72 74B7,
2,/~vbk ﬁ4b h* 4+ h*"hap
+ 7{ e {—QIAWAB&’TTB WA (3.56)
—VAQ2F + }_lb)5 (25\ + DA;LTA)
V7 (0078 — bDATr®) 5hAB} o).
It can be seen that the form of F in (3.46) and the assumption h,4 = 0 guarantee

integrability of the boundary terms. The expression for the charge, which corresponds to
the term B in (3.25), is finally given by

Be = jf &z {YA (4/%AB7*T”B — Dyapr B 1 27ABW<2>TB>

FWp+ TAyAA+ by (26 + R + B§RS — 63F) (3.57)

2
+ b—yapa a8
val

and notice in particular that the charges proportional to higher modes of W and T are in
general non-vanishing. Supertranslations are therefore part of the asymptotic symmetry
for the new set of parity conditions.

Our aim is to express, in a first step, the expansions of the spatial metric and conjugate
momenta (3.29)-(3.34) in terms of an asymptotically flat spacetime metric. This will be
done by means of the ADM formalism. In a second step we substitute these expressions into
the symplectic structure (3.39), constraints (3.40)-(3.42) and charges (3.57) and analyze

what are the consequences of this procedure for the asymptotic symmetries.

3.4 Conjugate momenta in terms of spacetime metric components

In this section we are going to perform a 341 decomposition of a spacetime metric and
use the ADM formalism to express the momenta in terms of components of this metric

and their derivatives. We consider a metric that is asymptotically flat at null infinity and
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is defined by the following expansion

v 2M guu _
g#yd:r“d:r = - (1 — T — ﬁ + O(T 3)) du2
Jur 9o
2|15 = =5+ 0(r?) | dudr
r

1
+ <¢A + ;FA + 0(7“_2)> dudz?
+ (TQ’YAB +7rCap + Dap + O(r_1)> dz?dz?, (3.58)

where y4p is the unit metric on the sphere and all other metric components are functions

of (u,24). This metric is subject only to the partial Bondi gauge condition

Grr = 07 grA = 0 (359)

and no further assumptions are made at this stage.
The metric (3.58) is more general than the Bondi metric (2.9), which additionally

fulfills the Einstein field equations and is subject to the determinant condition
det gap = r*det vag, (3.60)
which implies
FABCup =0, +APDup = %CABCAB. (3.61)

Here we instead start with an off-shell metric and the field equations will be partially
imposed by demanding that the leading order of the Hamiltonian and diffeomorphism
constraint has to vanish. We are not imposing the determinant condition since it leads to
a metric that is too rigid: in subsection 3.7.2 we are going to demonstrate that it excludes
asymptotic translation symmetry.
We choose spacelike hypersurfaces ¥; to be defined by

g(z%)
r

t=u+r+ flz?)+ = const. (3.62)

which means that f and ¢ parametrize the foliation of spacetime that we choose and in
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coordinates (t,r, ") the metric (3.58) reads

2M _uu —
Guvdatds” = — <1 - - Jun L O(r 3)> dt?

1"2
Gur — 2M )
+2 (9 +O(r 2)> dtdr
T

2 (oar + how 001 s

_ _ 2
2M — 291"’ + Guu — 29( )

ur -3 2
1+ " > +0O(r=2) | dr
AM — 2Gu)0uf — F -
+ <—¢A + ( gggaf‘f A0 2)) drdz?
2 A, B
+ (7“ YaB +1CAB + Dap — 0afOpf — wA63f> dz?dz”. (3.63)

By comparing the form of (3.63) with the decomposition (3.3) we find for lapse and shift

the following expressions

M
N=1-—+0@"?),
T
gur - 2M
.

N, = +O(7“_2),

1
Ny =0af + §¢A +0(r

(3.64)
and can identify the leading order terms in the metric expansion (3.29)-(3.31) as
hor = 2M = 2Gur,  hya = —%4, hap = Cap
W = guu— 202, = CHZ20OA 204 0) 0057 — a0,
(3.65)

As they were defined in (3.58) the spacetime metric functions like M are functions of
(u, :cA), which might seem a bit odd since they now appear in the components of the
induced metric hg, which is described by components (r,z4). But owing to (3.62) u is
not an independent coordinate and neither is ¢ which is now understood as a parameter
labeling hypersurfaces. In particular this implies that in the large r limit, in which the
expressions (3.65) are defined, we have u — —oo, which is the defining limit for spatial
infinity ¢°. This limit for u is from now on implied throughout whenever the spacetime
metric functions appear.

The condition (3.38) now takes the form

Ya =0, (3.66)
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and following the arguments of [5] we will eventually also make this assumption. For the
sake of obtaining a general form for the expressions of the momenta, however, we will keep
1 4 finite for now and assume that it is vanishing from section 3.6 on.

Notice that the choice t = u + 7 + f(z?) + g(fo) is the most general one that is
compatible with the fall-off conditions (3.29)-(3.31). Choosing t = u + rk(z?) + O(1)
would lead to

hapdy®dy® = dr®(2k — k> + O(r~ 1)) + .. (3.67)

which does not agree with the falloff condition (3.29).

The unit normal on the spacelike hypersurfaces is given by

Mo = —Not = — (1 - % + O(r2)> Ba (u o+ fat) + g(iA)> (3.68)

and using this expression to evaluate (3.9) we find the asymptotic expressions for the

extrinsic curvature

KTT = _8UTM + O(T_2)7 (369)

1
Kya = =1 (= 2049 +4040M = 2 (14 +204f)

— (b5 + 205 F)7PCO,Con — 404 fauM) +O>r2) (3.70)
Kap = %auCAB +0(r2). (3.71)

To illustrate the calculation of the above expressions we give some more details for K,

u, u r_r u ., r T U
K, = Vynyeye, + Vineere, + Vyneele. + Vienge e,

where ¢ = 2% and from (3.62) we have ¢ = —1 + O(r~2) and we also know that
a oy T

el = 1 and e = 0. Evaluating the covariant derivatives we find that the leading order

contribution comes from V,n, = &TM + O(rfz) which results in the above expression for

K,,. In the same fashion the other components of the extrinsic curvature are obtained.

We have now all the expressions at hand we need to write the momenta in terms of
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the components of (3.58) and find from evaluating (3.11)

T 1
= §WVAB8UCAB + 5\F’Y(4M - VABﬁuDAB

+ 28 DA2Dpf + ¥p) + G0,Cap]) + O(r ™) (3.72)
w4 =L 3(~ 242D M + 2P (2D f + )
+ G[OuM, aucAB]) +O(r?) (3.73)

1
<AB :27\@ (27ABOUM _ (,YABVCDauCCD _ auCAB)>

1
+ ﬁﬁ[’YAB (8ugu1¢ - 2M8u§ur) - (2DADBf + D(A¢B))

AB
— (1454 0,Dep — 0,D4P) = = (4P (2Dc f + ) D)
+~4P(2DeDp f + Doyp)yAE + G0, M, aucAB]] +0(r3), (3.74)
where
M = Gur — 2M (3.75)

and G stands for lengthy terms proportional to either 0,Csp or 0, M.

It might seem strange that derivatives over u appear in the above expressions for
the extrinsic curvature and conjugate momenta since they live on a spacelike surface with
coordinates (r, z4). But using (3.62) we could write 9, in terms of derivatives over (¢, r, )
and setting in the resulting expressions t = const. we find that the curvature and momenta
are described solely in terms of (r,24)

Comparing the expressions (3.72)-(3.74) with the falloff conditions (3.32)-(3.34) we see
that the O(r) term of 7™ and the O(r~1) term of 747 should be vanishing. Thus we find

that the falloff conditions translate into the following conditions on the spacetime metric

, as they should.

functions near spatial infinity, i.e. in the limit u = —oo
0uCap ~u~ 1) 9M ~u~(H9) 2>, (3.76)

which provide an extra damping factor so that we can neglect all terms proportional to
them. We therefore only consider such spacetimes that satisfy this condition. As has been
outlined in section 2.1.1 the above derivatives over u are expressing on-shell the rate of
gravitational radiation and the conditions (3.76) can therefore be interpreted such that the
total amount of energy radiated by the system must be finite. This requirement to only
allow such “physically reasonable” spacetimes has already been pointed out in [4](therein
after eq. (2.1)).
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3.5 Finiteness of symplectic structure

The falloff conditions defined in (3.29)-(3.34) are not sufficient to remove divergences in

the symplectic structure
/ Brr®he, (3.77)

since terms of order O(r~!) appear which are logarithmically divergent in the large r limit
which we consider. As was explained above, after eq. (3.39), the authors of [5] remove these
divergences by introducing parity conditions on the leading order terms in the expansion
of the metric and momenta. The terms which are potentially divergent are the following

ones
]_ = = X
/ dr= / dedd (ﬁ’”’“hw + 74Bh g + ﬁrAhrA) (3.78)
T

and we could now impose the parity conditions of [5] and investigate what they imply for
the spacetime metric functions and, since the momenta depend on f (asA), for the foliation
of spacetime.

But using the definition of b (3.10) to express it in terms of the spacetime metric

functions we obtain

ETT = —20,M, hys=0, EAB = 0uCuB, (3.79)

and we therefore find that the condition (3.76) that we imposed on allowed spacetimes
provides an additional damping and is therefore sufficient, together with the falloff con-
ditions, to make the asymptotic symplectic structure finite. We can therefore conclude
that for the class of spacetimes that we consider no parity conditions are needed to cancel

divergences in the symplectic structure.

3.6 Leading order of constraints

In [5] the leading order of the Hamiltonian and diffeomorphism constraint is assumed
to vanish in order to cancel divergences in the asymptotic charges, as was explained in
subsection 3.3. In this section we show which restrictions on the form of the momenta this
requirement implies. We are also going to assume 14 = 0 from now on.

Substituting (3.73) into (3.41)

?V‘BDB(% — M) = —Dpr'P (3.80)
which implies
gl _
LIAB(2f — M) = —748 + AyiB 7, (3:81)
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with A being an arbitrary constant. Plugging in (3.74) this equation expresses a relation

between several spacetime metric functions at spatial infinity
,YAB
7(2]0 - M) :’VAB(auguu - 2M8ugur - ’YCDauDCD + 2D2f)
+8,DAB —2DADBf. (3.82)
Substituting (3.81) into (3.41) yields
(D2 +2)2f —M)=A (3.83)

and upon expanding 2f — M in spherical harmonics Y;,, satisfying D?Y;,,, = —I(l 4+ 1)Yy,,

we find that this equation has a general solution of the form
1
2f ~M=A+ > amYim (3.84)
m=—1

with a,, being arbitrary constants.

To summarize, the momenta are now expressed in terms of the spacetime metric func-

tions as
7 :?(4/\4 +2D%f —~44B9,Dap), (3.85)
7rA :?%BDB(QJ" - M), (3.86)
7AB :?V‘B(QM —4f + A), (3.87)

subject to the conditions (3.82) and (3.84).

3.7 Asymptotic symmetries

In this section we discuss the asymptotic symmetries of hqp and 7%, in particular we will
analyze which transformations preserve the falloff conditions (3.29)-(3.34) and the gauge
condition (3.38). This will reproduce the expressions (3.44) and (3.45) which were already
given in [5]. We are giving here the details of this derivation to stress the fact that, as
we are going to show, the preservation of the falloff conditions allows for a large group of
supertranslations parametrized by two arbitrary functions on the sphere. These details are
furthermore needed for our discussion of the determinant condition (3.60) in subsection
3.7.2.

To discuss the asymptotic symmetries we will evaluate the change in the canonical
variables generated by the Hamiltonian H = [ d®z(é1H + €%H,) which is given by, see
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[39]

1
6§hab = 2€J-h—1/2 <7Tab — Qhabﬂ') + [{hab- (3.88)

1 1 1
57_‘_ab — flh% Rab _ *habR + *thabh_% ﬂ_mnﬂ_’mn . 771_2
2 2 2
1
_ 2§Lh—% (Wamwfn _ 27Tabﬂ_> s <£L|ab _ habfL\m‘m> (3.89)
+ (Trabgm)|m _ g‘a;n,ﬂ_mb _ £b|mﬂ_am’
where L¢hgy is the Lie derivative
Lehap = Eajp + Epla- (3.90)
3.7.1 Preservation of falloff and gauge conditions
From the preservation of the falloff conditions (3.29)-(3.31) we obtain the demands
Shyy = O (r_1> . Shea=O(1), Shap = O(r) (3.91)

and we now want to find such £+, &% that the change of hgy, defined in (3.88) obeys them.

Using the expansion of Christoffel symbols associated with hgp

Iy = —ryap + O(1) (3.92)
M40 =T4%c+0(! 3.93
C C
1 _
A= g (Oahry +0a) +O(r™?) (3.94)
BTT —
F:r = _27,2 + O(T 3) (395)
1
i, = ;6@ +0(r 2 (3.96)
b o
Y OBhyr _
ra =— s Ol %), (3.97)

we find the following transformation of h;.,

2§L — 1_ — A 77‘7‘7" r A .
Ohpy = W <7r,«,~ — QhTﬂr> +& 8A7 +20,€" — 200 40,£" + (subleading),  (3.98)

7 =7" +yap7?E. (3.99)
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Comparing this with (3.91) we find that a large r expansion of £, £ has to be of the form

¢r=rb+F+0>r™"),
1
=Y I+ 00,
1
=W+ g+007),
(3.100)
where all terms in this expansion are functions on the sphere.

The transformation of h, 4

2b 1
Shpp =——7pa — =Y BDpiha + 0aW

V7 2
1
— inDAYOB — yaBI? + (subleading) (3.101)

does not give any further restrictions on &=+, £2.
To fulfill the demand that dhap

Shap =r*D(4Yp,

+r (QW'YAB + Y DcCus + YipyacY®

2b 1
+ QCc(BDA)YC + 27C(BDA)[C + \ﬁ <7_rAB - 27,437’?) (3.102)

is of order O(r) we have to assume that Y7 are the Killing vectors on the 2-sphere
DAYy = 0. (3.103)

So far there are no restrictions on b but it is fixed from the preservation of the asymp-

totic form of momenta which demands
or’m =0(1), ont=00r""), P =00r"2). (3.104)

One can check that there are no new restrictions coming from the first two conditions in

(3.104). The third one, however, does lead to a new restriction and reads
omAB = 12 /5 (Vf“ngL - hABving) + (subleading)

= g <’}'AC’)/ADV(JVD$l - WABVCDVCVD§L> + (subleading). (3.105)
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Now consider(we use the notation V4 = D4 + (subleading))

VoVpet = rdcdpb — Thpd, (rb) — rTApdab + O(1)
=rDcDpb+ rycpb, (3.106)

where we used (3.92) and plugging this back into the previous equation we obtain

1
5747 = L (DADPh — AP D%~ Ab) 1 06, (3.107)

r

Vanishing of the leading order therefore imposes the condition
DsDpb —yapD?*b — yapb=0= D?h= —2b (3.108)
and therefore we find that b has to satisfy
DaDpb+ vapb=10, (3.109)

whose only solution is b being a linear combination of three [ = 1 harmonics with constant
coeflicient.
Now we consider the preservation of the gauge condition h,4 = 0. From (3.101) one

can directly see that in order to have 6h,4 = 0 we need to assume

2b
I = DAW + —7"4, (3.110)
Val

which means that the preservation of the gauge choice
- 1
hra = —§¢A =0, (3.111)

determines the subleading term of 4.

To summarize, F' and W are not constrained by the boundary conditions and are
associated with angle-dependent translations, temporal and spatial ones, respectively. Y4
are the three Killing vectors on the sphere parametrizing rotations and b contains only
! = 1 harmonics and parametrizes three boosts. Except for the assumptions of parity on
W and F' we have therefore reproduced the asymptotic symmetry transformations given in
[5] and the corresponding surface terms are therefore identical with (3.56), which has been
derived for F, W having no definite parity. Integrability of these surface terms demands
that F is of the form F = —hb+T(z), where T'(z) is a general function on the sphere.
Any function of A could be added to F without spoiling integrability, which introduces an
ambiguity in the expression of the charges. We choose for F' the form (3.46).

In [5] it is shown that transformations with W=odd, T'=even form an algebra isomor-
phic to the BMS algebra found at null infinity. The odd and even functions combine to

give the single function parametrizing supertranslations at null infinity. Since we do not
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involve any parity conditions it appears that the resulting asymptotic symmetry is larger
than the BMS symmetry, as long as the associated charges are finite. Before proceeding
with the discussion of the charges, however, we turn to the aforementioned determinant

condition.

3.7.2 Determinant condition and reduction of symmetry

In the previous subsection we have found that a large group of supertranslations and
Lorentz transformations preserve the falloff conditions (3.29)-(3.34). We are now going
to demonstrate that the determinant condition (3.60) is not preserved by spatial (super)
translations.

The determinant condition implies, see (2.5)-(2.7)
FBCap =0 (3.112)
and transformations preserving this condition must fulfill
5(y*BCup) = v*Bshap = 0, (3.113)

where we have used that y4p = 0 and Cap = hap. Substituting (3.102) we find

%

_ 4
yABShap = 2(D? +2)W + 7DA(bfr”‘) - =" =0 (3.114)

val &l

and using the expressions for the momenta (3.85) and (3.86) we obtain
2(D? +2)W = —2DA(bDA(2f — M)) 4+ b(4M + D2 f — B3, D 4p). (3.115)

This equation has no solution for W since the RHS is in general non-vanishing and in-
evitably contains [ = 1 harmonics® which can not be produced by the LHS.

We can therefore conclude that spatial translations, i.e. standard Poincaré ones and
supertranslations, do not preserve the condition (3.112). Imposing this condition would

therefore drastically reduce the asymptotic symmetries.

3.7.3 Discussion of charges

In the previous subsections we found that the asymptotic symmetry appears to be larger
than the BMS symmetry at null infinity because there are two arbitrary functions on the
sphere parametrizing translations. In the treatment of [5] the charges associated with
transformations outside of BMS are vanishing due to the imposed parity conditions and
these transformations are therefore pure gauge. Here we show that in our treatment all
the charges associated with 7" and W are in fact non-vanishing. We will also check that

the boost and rotational charges are all non-vanishing.

SIn fact b purely consists of [ = 1 harmonics and (2f — M) of | = 0,1 harmonics.
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To obtain the form of the charges in terms of the spacetime metric functions we can
use the expression (3.57) because it has been derived for general T, W, which corresponds
to the case that we are considering. We then only need to substitute the expressions for
hay and 7 which we have already obtained from the 341 decomposition. From (3.57)

the charges associated with translations are given as
Bryw = ?{ {27/l + 2W (7?” - frﬁ)}, (3.116)
the boost charges are
By, = % A’ [bﬁ (2k(2) + k2 + kpkB — 6@) + b27AB7_TTA7_rTB] (3.117)
Nal
and finally the rotational charges
By = f Loy A (4/%/437#3 — Dyapi B+ 27A3w<2>”3> , (3.118)

where k) is defined via the expansion

1 1- 1
A _ p AC o tea oA 1,(2)A -3
Kij = W€ Kpe = =04 + —kf + —k§ —i—O(r ) (3.119)
1
Kap = 5(—6rhAB+VAh,,B+VBhrA) (3.120)
1
A= (3.121)

Substituting the expressions for the momenta (3.85) and (3.87) into (3.116) yields for the

translational charge
2 ;W 2 AB
Bwr = fd J:ﬁ{TQhrr + 7(2./\/1 +2(D*+2)f —v*70,Dap — A)} (3.122)
and using the condition (3.84) we can eliminate f and A from this expression and obtain

B = § o {T2he, + 25 (D + )M = 1420, Dm). (3.123)

As a quick sanity check we calculate the ADM mass, obtained from the above expres-

sions for T'= 1, W = 0, for the outgoing Vaidya spacetime

2
ds®> = — (1 — m(“)) du® — 2dudr + r*dQ* (3.124)
r
which can be thought of as a radiating generalization of Schwarzschild spacetime. It is a
solution of Einstein equations with energy-momentum 75, = _er{« %u. The ADM mass of
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the Vaidya spacetime according to (3.123) is

mapy = 167 uEIEloo m(u), (3.125)
which is indeed the correct expression, see for example chapter 4.3.5 in [42](which agrees
up to the normalization factor of 16m).

To investigate which modes of T, W lead to finite charges we expand them and the
metric functions in spherical harmonics and use their orthonormality and the fact that
any spherical harmonic by itself vanishes when integrated over the sphere. This implies
that the only finite terms are the ones where each factor has a contribution from the same
mode. If h,.,, for instance, was a constant then the first term in the above charge would
only have a non-vanishing contribution from the zero mode of T. We can therefore see
that there are finite contributions from all modes of 1" and W present, since only the
combination f — 2M is constrained to [ = 0 and [ = 1 modes but M itself contains in
general contributions from all modes and so does A,

Next we are going to write the rotation and boost charges in terms of the spacetime
metric functions and in doing so we will specialize to the case f = const. and g = const..
We make this choice since otherwise these expressions are very lengthy and it is justified
because it does not affect whether the charges are vanishing or not”, which is the only thing
that we want to check. For f = const., g = const. we find for the subleading contribution

to 74

(A :? (DAM,YABCAB _4CABDM 4 3FA

—2D4¢®?) 4+ 2D4G,., — 2DA MOyguu — AM DGy,

ur

+16MDAM — 2gWDAgW) (3.126)
(3.127)

and together with
4k g7 — 4\ = —2C 4,3 DB M (3.128)

we therefore find that the rotational charge (3.129)
By = 7{ d?zy 4 (—2CABDBM + 27A3w<2>r3> (3.129)

is indeed non-vanishing for all modes of Y4 since F4 and M contain in general contri-
butions from all modes of spherical harmonics. Allowing for general f and g would not
change this conclusion(even if they do not drop out) in particular because there is no

condition that would relate F4 to either of these functions.

"In fact one would expect that f and g drop out of the expressions for the boost and rotational charges
since they should be independent of the foliation just as they dropped out of the supertranslation charge.
However, since these expressions are for general f and g rather complicated we have not been able to show
this.
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To obtain the expression for the boost charge (3.117) we first evaluate (3.120) and
(3.121) using (3.65) and find

1 1 _4
Kap = ﬁ <—27“’yAB —Cyp — 27"D(AFB)> + O(T’ ) (3.130)
and
1 hyr L 3
where
L = 4Gy + 12(Mgy, + M?) + 8¢2. (3.132)

To calculate k) from (3.119) we also need

1 1 1
AB __ AB AB A~DB AB -5
WP = P - S0P 4 (CDC’ -D ) +0(r™?) (3.133)
and find
k® = 2~,5D48 — CypCAP — 4L — D, FA (3.134)

and finally obtain for the boost charge

By = 7{ d%ﬁb(DAMDAM + 2y4pDAP — 4L — DoFA

1 3 3- 5 _
+ 5 (1apCAP)? = 2CapCP — 02, — 5%30/‘3%). (3.135)
Again we can see that the charge is finite for all modes of b since F4, M and h,.. contain

contributions from all modes.

3.7.4 Discussion of the asymptotic symmetry

From our discussion of the charges it has become clear that the asymptotic symmetry we
find at spatial infinity is larger than the BMS symmetry. The crucial difference to the
results of [5] is that the charges associated with even W and odd T are non-vanishing.

A larger-than-BMS asymptotic symmetry at spatial infinity has been found previously
by Ashtekar and Hansen [24]. The Spi algebra they find has the same structure as BMS,
namely a semi-direct product of the abelian ideal of supertranslations and the Lorentz
algebra. The difference lies in the size of the supertranslation ideal, which for the BMS
algebra corresponds to functions on the 2-sphere whereas for Spi it corresponds to functions
on the three-dimensional hyperboloid.

Also Troessaert [17] finds an asymptotic symmetry at spatial infinity which is larger
than BMS, but smaller than the Spi algebra. By additionally assuming that the spacetime

metric considered therein has to be asymptotically flat not only at spatial infinity but also
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at null infinity conditions on the metric functions are found which reduce the algebra to
one that is isomorphic to the BMS algebra. This algebra is then in turn shown by [5] to
be isomorphic to the algebra (3.48) with odd W and even T. A fact that has not been
stressed therein, although it is implicit, is that the algebra (3.48) with arbitrary W and
T is isomorphic to the one found by [17] before cutting it down to BMS. Following the
explanations in the appendix of [5] this can be seen as follows.

Troessaert [17] finds the following asymptotic algebra

[(3}17603) ; (y2,w§)} = ([371,372] , V0wl — %%wé -1+ 2)) = (37,@/> , (3.136)

where z% = (s,xA) are coordinates on the unit hyperboloid, Y* represents the Lorentz
algebra, w’ = V1 — s?w and w(z®) parametrize a sub-set of Spi supertranslations [24]. Full
Spi supertranslations would be given by general functions w(z®) but, as [17] explains, to

remove divergences in the symplectic structure one has to demand
(D*D, + 3)w = 0. (3.137)
The general solution of this equation is shown to be of the form

1 (Aeven Aodd)
W= —= W +w
V1 —s2

o =y b i, (o) @0 = el i)Y, (),
l,m

lym

(3.138)

where odd and even refers to the combination of time reversal s — —s and antipodal
mapping 24 — —z4 and Vj(s), Wi(s) are defined in terms of Legendre polynomials and
Legendre functions of the second kind.

Rotations are parametrized by Killing vectors on the 2-sphere yﬁ(xA)
yi=0, Y*=Y{ (3.139)

and boosts by 1(z4) such that D% + 2¢) =0

N —% (1 - 32> ¥, VA= —%S'VABan- (3.140)

One can check that the Lorentz algebras in (3.136) and (3.48) are isomorphic under
the identification yé = Y4 and ¢ = 2b. The action of the Lorentz algebra on «’ in (3.136)

can then be written as
5 = VA9, — sbiwh — s93b10awh — (1 - 32) b1l — (1 ¢ 2). (3.141)

The connection with the form of the algebra in the ADM description in (3.48) can be
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made by defining W, T as initial conditions at s =0
— ) _ A _ / _ A
Wmg =W,y =W (x ) ;o Oswl|,_g = Osw ’s:O =T <x ) . (3.142)

One can check from the definitions of Vi(s) and Wi(s) that w|,_, and Osw|,_, contain
contributions from all modes of spherical harmonics and that therefore W and T such
defined are arbitrary functions on the sphere. Substituting these definitions in (3.141) one

obtains
W =Y 0uWs — 0 Ts — (1 5 2), (3.143)

which is equal to the corresponding expression in (3.48).

Acting with the s derivative on (3.141) yields

D5 =Y 0405wl — biwh — sbyDgwh — Db O qwty — s9Ab1O AW

+ 25105l — (1 — 8%)b102wh — (1 < 2). (3.144)
The expression for 92w’ ‘S:O can be obtained from
2)? 52 2\ 2
(DaDa+3)w:—(1—s) Bsw+(1—5>Dw+3w:0 (3.145)
and first one has
2wl =D w| + 3wl (3.146)
s=0 s=0
and together with
o 0= —wl,_o+ a,?w‘ (3.147)
S= =
one finally has
92| = 2w|,_y+ D*w (3.148)
s= s=0

Substituting this and the above definitions in (3.144) and evaluating at s = 0 one finally
obtains
T = YA0uTy — 3y Wa — O4b1 DAWy — by D*Wy — (1 5 2), (3.149)

which is exactly of the form given in (3.48).

To summarize, since we do not impose parity conditions we find an asymptotic sym-
metry at spatial infinity that is larger than the BMS algebra but smaller than the Spi
algebra. Our result would therefore suggest that the tension arising from the presence of

different asymptotic symmetries at spatial infinity and null infinity still remains.
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4 Gauging BMS
4.1 Introduction

This section is concerned with the relation of GR and gauge theories. That there is such a
relation is not obvious in the usual coordinate based description but it becomes apparent
in the so-called vielbein formulation, which uses basis vectors which are not obtained from
a coordinate system. Using this formulation one can for instance show that the curvature,
i.e. the Riemann tensor, takes the form of the field strength tensor known from gauge
theories. Since this formalism is the basis for everything that follows in this section we
will shortly review it in subsection 4.2.

It was shown by Witten [6], see also [45], that in 2+1 dimensions GR is equivalent to
a gauge theory with the Poincaré group as gauge group and with a pure Chern-Simons
action. Such a gauge theory is essentially like an ordinary Yang-Mills theory, but with an
action of the form [ AdA+ AN AA A instead of the Yang-Mills action. This construction
does not work in 3+1 dimensions since the Einstein-Hilbert action does not take the form
of an action of a gauge theory in that case and for this reason we will be working in
241 dimensions throughout this section. In the usual picture of gauge theories Witten’s
construction can be understood as follows. In the absence of gravitational fields the
underlying spacetime symmetry is the global Poincaré symmetry. If we want to construct a
physical theory that is invariant under local Poincaré transformations we have to introduce
new fields which compensate additional terms arising from this localization or gauging. It
then turns out that these new fields represent the gravitational interaction.

The special role of the Poincaré group played in all this comes from the fact that it
is the symmetry of spacetime in the absence of the gravitational field. However, we have
seen in the previous section that when one considers the symmetry of spacetimes far away
from any gravitational sources one in fact obtains an infinite dimensional generalization
of the Poincaré group, the BMS group. Originally this result has been established at null
infinity but recently it was shown at spatial infinity as well, see [5, 17] and as we have
reviewed in section 3.3. This establishes BMS® as the symmetry of spacetime in the limit
of a vanishing gravitational field.

Motivated by this observation we investigate in subsection 4.3 whether one can, in 2+1
dimensions, construct a gauge theory of gravity based on the algebra B3 defined in (2.37)
instead of the Poincaré algebra. We are also going to discuss the asymptotic symmetry
group of asymptotically Anti-de Sitter spacetimes, AdSs for short, as another potential
gauge group.

The result, however, will be largely a negative one: the only gauge invariant action one
can construct does not contain any gauge fields beyond the ones found in the standard

Poincaré case.

80ur results of the precious section suggest that the asymptotic symmetry at spatial infinity might be
even larger than BMS. However, since the BMS algebra is more established we will focus on it in this
section.
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4.2 Vielbein formalism

In this brief overview of the vielbein formalism we follow the explanations in [46]. A
natural choice for the basis of the tangent space of a manifold at point p are the partial

derivatives €(,) = 0, with respect to the coordinates at that point. But same as well

©)
one can choose a different basis that is not related to a coordinate system and is given at
each point of the manifold by basis vectors é(,). We choose the set of basis vectors to be

orthonormal so that for their inner product we have

9(€(a)> €v)) = Nabs (4.1)

where ¢ is the metric tensor and 7, the Minkowski metric. The old basis vectors can be

expressed in terms of the new ones by

€ = €uba) (4.2)

a
I

triads. Using the vielbeins any tensor can be written in the new orthonormal basis, in

where the e? are referred to as vielbeins, or in four dimensions as tetrads and in three as

particular we have for the metric tensor

guvehey = Nab (4.3)

and the vielbeins can therefore also be understood as a mapping to flat spacetime, which
locally is always possible.

The covariant derivative of a tensor with components written in the vielbein basis is

a

b for example

defined using the spin connection w
VX" =0, X" + wi, X", (4.4)
where the spin connection w is related to the usual connection I' as follows

a _ ja ATV A a
wip = epep iy — epoues. (4.5)

Curvature and torsion are defined in terms of the vielbein and spin connection as

ab ab ab a ,.cb a cb
R}, = 0wy’ — Opwy)” + wyewy,” — Wyewy, (4.6)

and

TS, = el — Ovell + wibh, — wibeb,. (4.7)

Expressed in terms of the vielbein and spin connection one-forms

e = e, dz", w® = wzbdx“ (4.8)
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they take the form
RY® = dw® + Wl Awb, T = de® + wi A eb. (4.9)

Notice that curvature and torsion take the form of a field strength tensor in gauge theories
with e® and w® as gauge fields. The familiar expressions for Riemann and torsion tensor

can be obtained by switching to greek indices

Tp, = eiTy,,  Rb,, = eheqRyy,. (4.10)

a” pvo oy

Finally, the Einstein-Hilbert action written in terms of vielbeins and the spin connection

reads in four dimensions
I = 1 d4 uvpo a b pecd 4.1
4d — 5 xe Eadee/,Lepro' ( . 1)

and in three dimensions

| =

Iny = f{ e Pe et R (4.12)

4.3 BMS gauge theory
4.3.1 Definition of gauge fields and transformation laws

In this subsection we investigate whether one can construct a gauge theory based on the
BMS instead of the Poincaré group in 2+1 dimensions. We do so by generalizing the
construction of Witten [6], which takes as a starting point the Poincaré algebra in the

form
[Jas Jo) = €ave s [Ja Py] = €ape P, [Pa, P = 0 (4.13)
and expands the gauge fields in the generators of this algebra
A; = el Py + wi'J,, (4.14)

where we are writing indices u,v now as ¢,j to indicate that we are working in 241

b

dimensions. The vielbein e and spin connection w{’ = €**“w;,. are then interpreted as the

gauge fields of the theory.
Instead of the Poincaré we take as a gauge group the BMS group defined by the

commutation relations (2.37) and expand gauge fields A; accordingly as

Ai = €'ty + w i, (4.15)
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with m € Z and similarly expand the infinitesimal gauge parameter u
u=p" Ty + 7" n. (4.16)

The case when m = 0,+£1 corresponds to the standard Poincaré sector and we will occa-
sionally refer to gauge fields outside of this sector as “higher gauge fields”.

The variation of the gauge fields under a gauge transformation is defined as
5Ai = —8iu — [AZ', u] (4.17)

and upon evaluation we find the following transformation laws

(2 3

de* = =0;p™ + (2n —m) (eminTn + Wminpn) (4.18)

dw* = =07 + (2n — m)w;" "™, (4.19)

2

The field strength tensor is defined as
Fij = 0;A; — 0;A; + [A;, Aj] (4.20)
and evaluating the commutator yields
Fij = SiiTm + R}l
= <8ie;” — 0jei" + (m — 2n) (e;”_”w? + w?‘”e?)) T
J J

(O = g™ + (m = 20)e]" ") L, (4.21)

Notice that S7? and R} take the form of torsion and curvature defined in (4.6) and (4.7)
but with generalized indices m,n. The curvature transforms under a gauge transformation

as
(SFij = —[Fij,u] (422)
which yields the following transformations laws

58I = (2n —m) (s;;*nfn + R;;*npn) (4.23)

OR;; = (2n —m)RZ"T". (4.24)

4.3.2 Discussion of invariant form and construction of action

With these definitions at hand the next step is to construct a B gauge invariant Chern-
Simons action, as before we closely follow the construction of [6]. The crucial ingredient
for this construction is an element which is invariant in B2 (2.37), i.e. an element that

commutes with all the generators also known as Casimir. In the case of the Poincaré
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algebra (4.13) such an element is given by W = J%P,. However, for B2 no such element
is known to exist?. In a strict sense it is therefore not possible to construct a BMS gauge
theory which would be on the same footing as the one based on the Poincaré group. Instead
we construct the action using the invariant element from the Poincaré algebra which. As
we will see in a moment, the resulting action generically contains higher gauge fields. But
this action is not going to be invariant under all the transformations parametrized by
(4.16). Our strategy will be to find the smallest set of gauge fields and transformation
which we have to assume to vanish in order to restore gauge invariance.

The construction of the Chern-Simons action starts with the expression
I= /Fm A F"dpp, (4.25)

where d,,, is an invariant quadratic form, in our case of the Poincaré group. The symbol
F™ can stand for either S™ or R™, depending on whether the [ or T' component is picked

by dpn. To determine d,,,, one observes that the following combination of generators
W = Ly Thd™ = 15T} — % ATy + UT-1) (4.26)
is invariant under Poincaré transformations and by inverting d”™" we find for d,,
<lgp,Top>=1, <l 1,Th>=-2, <l},T_1>=-2. (4.27)
Evaluating (4.25) one finds for the action
/YSO AR —2(S'AR' +S'ARTY, (4.28)

where Y is a four manifold. To obtain from this the Chern-Simons action the integrand
has to be written as a total derivative and upon using the divergence theorem the action

reduces to an integral on a three manifold M
I:/ eO/\RO—2(e‘1/\R1+e1/\R‘1). (4.29)
M

From the definition of the curvature (4.21) one can see that R%*! contains gauge fields
outside of the Poincaré sector. By construction this action is invariant under the Poincaré
group if all higher gauge fields are vanishing but it could potentially exhibit a larger
symmetry.

To check whether this is the case we calculate the variation of the action and applying

9As stated in [47] no classification of the Casimirs of B is known. However, therein an argument
is made that the only Casimirs of B* are so-called central charges. These are not constructed from the
generators of the algebra, they instead arise from a certain extension of the algebra, and are therefore not
of interest for us.
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the transformation laws (4.18) and (4.24) we obtain

1
5 =2 / d3zek [5 (2716;”7’” + 2nw; "p" — 3;',00) R?k + ne?R;knTn
_ ((1 + Qn)e;lf’%-” +(1+ 2n)w;17np” — 81',0_1) R]lk +(1- 2n)e;1Rj1.kf"T”

+ ((1 —2n)el "™+ (1 — 2n)w] " p" + 82-,01) R]._k1 - (14 2n)e}Rj_k1_”T" . (4.30)
where each line is of the form de AR+eAJR and all n € Z. For the action to be invariant
its variation has to vanish.

Even though the construction of the action guarantees Poincaré gauge invariance if
higher gauge fields are vanishing, this invariance is not immediately obvious. In a first step
we therefore check that the variation of the action indeed vanishes when we restrict gauge
fields and transformations to the Poincaré case, i.e. when we assume that e}',w!, p", 7"
and R} vanish for n # +1,0. In a second step we will consider the general case by allowing
all transformations and gauge fields to be finite.

One can directly see that in the Poincaré case the terms containing e}’ cancel in (4.30).
In order to see that the remaining terms cancel as well we plug in the definition of R;Lk
from (4.21) and for terms not containing any derivatives we find

— TR prlt | An?w; w4 (1 — 4n?) (w;k”w

J J ? J

- 4 w1”w~1">] , (4.31)

and since the first term and the term in brackets are symmetric in 4, j and are contracted
with the fully antisymmetric tensor they both vanish. For the terms containing derivatives
we obtain after performing several integrations by parts and rearrangement of indices the

remaining terms, up to boundary terms

2¢Ik {pn (—(1 + 2n)w; 1wy + (1 — 2n)w; 05wyt + nw; ™ ng)

—np wOjw, ™ + (1 + 2n)p'wldjw T — (1 —2n)p tw! jw,ifn}, (4.32)

which also cancel. Thus the action (4.29) is indeed Poincaré gauge invariant and we
proceed now with the general case.

If we assume all fields and transformations to be finite there are several non-vanishing
terms in the variation of the action, which means that the action build from the most
general gauge fields is not invariant under general 3% transformations. We can, however,
introduce constraints, i.e. demands that certain fields and transformations are vanishing,
that let the variation vanish for an action that contains as many higher gauge fields as
possible and is invariant under transformations which are as general as possible. Consider
in (4.30) the term

ne?R;k”T" (4.33)
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which can not cancel(except in the Poincaré case, of course) with any of the other terms
and we thus have to constrain either R;-’ =0 or 7¥ = 0, where x denotes all n except for

n = +1,0. Similarly from the term
ne;"T"R?k (4.34)
we find the constraint ef = 0 or 7% = 0. Another constraint comes from terms like

(14 2n)e; ' 7rm, (4.35)

i
since e] = 0 still allows a term —361-17'*2.
+2

The terms proportional to 72 do not cancel
and we therefore need to impose 7 = 0. The terms in (4.31) vanish without imposing

further constraints. From the term in (4.32)
—np wjw, " (4.36)

we have wf = 0, since it can not cancel with any other term. This constraint makes the

remaining terms in (4.32) vanish as well. To see this consider the term
—(1 4 2n)é* prw 19 0}, (4.37)

where wf = 0 allows a term eijk3p*2w}(9jw,i, which vanishes because wilajw,i is symmetric
in 7, k. The other terms vanish similarly without having to constrain p. From the condition
wi = 0 it follows that Rj; = 0 as can be seen from the definition (4.21).

To summarize, there are two different choices of constraints to restore invariance of
the action (4.29)

Ri=el=wp=7"=0 or Rj=e=w'=7"=0 forn#=+1,0 (4.38)
and the vanishing of higher w}' directly implies that there are no extra fields present in
the action compared to the standard Poincaré case. Since we do not need to constrain p",
the action (4.29) is, assuming above conditions, invariant under general supertranslations.
This invariance is however trivial in the sense that under the condition w{ = 0 the fields
which are present in the action are invariant themselves under supertranslations, as can
be seen from the transformations (4.18) and (4.19). There is one exception from this,
namely the change generated in e*! by p*2 which reads 6e§t1 = (2n F DwTpT2. In the
first choice above the action is also invariant under almost all superrotations, but again
this invariance is trivial since the fields in the action are themselves invariant under these
superrotations due to the conditions e} = w{ = 0.

Our final result is that the gauge symmetry of the action (4.29) is the Poincaré group

2

and additionally supertranslations generated by p*2. This symmetry is present only in

the case that the action contains no higher gauge fields.
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We note that instead of the invariant element (4.26) we could have chosen any of the
invariant elements corresponding to the embeddings in (2.42), (2.43). The discussion we
just presented would go through exactly the same, with +1 appropriately replaced by +n.
Choosing any of these different invariant forms does therefore not lead to a qualitatively

different result but amounts to a mere renaming of indices.

4.3.3 Construction of gauge invariant action with finite cosmological constant

Now we consider the case of a finite, negative cosmological constant A. The setup and
following discussion is very similar to the previous subsection but instead of B* we take

as a starting point the following algebra, see [48, 49]

[lmv ln] = (m - n)lm—i-na
[Tm7 Tn] = A(m - n)lm-i-ny
[lma Tn] = (m - n)Tm—i—nu (439)

which we will refer to as AB? and which describes the asymptotic symmetry of space-
times which asymptotically approach three dimensional Anti-de Sitter spacetime, AdSs.
Similarly to the asymptotically flat case we obtain from (4.39) the symmetry algebra of
isometries of exactly AdSs spacetime by constricting m,n to values 0,+1. We restrict
ourselves to a negative cosmological constant since in that case spacelike hypersurfaces
are open and there exists a non-trivial asymptotic symmetry at spatial infinity. This
asymptotic symmetry has to be included in the Hamiltonian of the theory in the form of
surface integrals, as was explained for the case A = 0 in chapter 3. For asymptotic de
Sitter spaces such hypersurfaces are compact and there is no asymptotic structure [50].

We proceed in analogy to the A = 0 case. Evaluating (4.17) with (4.39) yields the
following transformation laws for the gauge fields

§el = —8;p™ + (2n — m) (em—"T” + w;”-”p"> (4.40)

7

7

b = — O™ + (2 — m) (W' 4 A ") (4.41)

and from (4.20) it follows

Sij = 0l — 0jei" + (m — 2n) (e?”*"w]” + w%"”‘e’f) (4.42)
R} = 0" = g™ + (m = 2n) ("7 + Al el ) (4.43)

As in the previous subsection the algebra (4.39) has no invariant element and we choose
an invariant element of the AdSs symmetry algebra to construct the Chern-Simons action.

The element (4.26) is invariant under (4.39) as well, but with the cosmological constant
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non-vanishing there is a second non-degenerate invariant form, namely

<tg,tg >=A, <t1,t_1>=<t_1,t; >=—2A (4.44)
<lg,lg>=1, <li,l_1>=<l1_1,l1 >= -2 (4.45)

and we are choosing now this one to construct the action. From (4.25) we obtain for the

action
I= / dizeiitl [A (50 S — 25555 + S5 1Skl)>
+ Ry Rl — 2(RL R + R RY))|. (4.46)

As before, the integrand can be written as a total derivative and using the divergence
theorem we find the Chern-Simons action
I= 2/d3xeijk [fmnw;”(ang — Opwy) — 4(1 = 2n)w; -1 ]1 "wy
+ Afmnei" (0je — Oke}) + 4A< - nw?ej_"e’,g
+ (14 2n)wle; el — (1 — 2n)w;161_"62)]. (4.47)

J J

Under a transformation of the gauge fields the action transforms as

ol = 8/d3xeijk [frndwi"djwi — (1 — 2n) <2w;15w} "wp 4w, wjl "w?)
+ A(frmndej Ojer —n (2%(-]56. 4w e; 62)

+ (14 2n) <2w1(56_1 "ep + 5w16_1 ”eZ)

—(1—2n) (2w Loel=ref + dw;tel ”eg) )], (4.48)
up to boundary terms since integration by parts was used to combine terms explicitly
containing derivatives. First, we check that the action is indeed invariant under the AdSs
isometry transformations, i.e. we assume that e',w;*, p", 7" and R vanish for n # +1,0.

Plugging in the transformation laws (4.40) and (4.41) we find the following terms not

containing A nor partial derivatives

= (1= 2wl (2(20 4+ n = Dy Wl 4 (20 4+ Dy el

—Tlezjk< 2(20 — D w7l + 220 + Dw eluh + 4l o lwkl) (4.49)
and terms not containing A but partial derivatives

ek [rm ( 2ndjwiwy ™ + 2(2n + 1)0jwiw; "+ 2(2n — 1)0jw; wl T ")

+(1—2n)( 20; (w; LW )T + 9wl )T 1)] (4.50)
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and upon carrying out the sums all terms either cancel or vanish because they are of the

form eijkwi”wj”. Next, we consider terms proportional to A which do not contain partial

derivatives

AT — (1= 2n)uit! (2020~ 1+ mp el 4 (24 1)yl

— nej, <2(2l + n)w? (6]- neirl +w; n- l,ol> + 2lwi17lej">
+ (1 +2n)e} (2(2l +1+ n)wil(e;lfnflTl i wjflfn—lpl)

+ (20 — l)wl-l_lTlej_l_”>

T 20+ l)w._l_lTle}_”N (4.51)

and summing over n and collecting terms gives

Aez‘jk( 2020+ 1)e; wfwy +2(20 — D)ej 'w;w) — dle;  ww)

1 l —1 —1 [ 1

+26(
el(2l+1 w —2lw wkl)
-1

T (G k—2le—wk>]

+ 712020 = Dw! et ed + 2(20 + Dw; ' edey + 4w eje;!
+ 200 ((21—1)3— et — 20+ 1)e; ,ﬁ)
+ 2w} ((2l+1) —il O—2le ekl)

~2wi! ((21 —1)elled — 2le; ek> ]) (4.52)

7

and one can check that for each [ all the terms cancel out. Next come terms which contain

both A and partial derivatives
Aeiik [fran (20 — m) ( ol + e oel + Wil plo; €k>
+n (ngajp_" + aﬂoej_"> ey
— (1 +2n) (m}ajp**" + anlej—l—") en

+ (1 —2n) (walajpl_" + 81'7'_16}7”) er] (4.53)

and performing integration by parts on the three last lines and summing over f,,, yields
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up to boundary terms

Aeiik (pl [ZZw;lﬁjeg —2(20 - l)wilflﬁje];l — 221+ Dw; ey,
+ 2000je " — 2(21 + 1)w}0je; 7+ 2(1 — 20)w; 1 95e; 7]

+ 7t [ - 2[6;181'62 +2(21 - l)ejl.*l(?ielzl +2(21+ l)ej*l*l@ie,lﬂ]

— 2070 " Oe), + 2(20 + D)7e; e, — (1 - 21)7—16;—"8,@;), (4.54)

where any terms proportional to (%w;-” have already canceled out and again for each [ the
remaining terms can be seen to cancel. Finally, there are terms proportional to A2
AQeZpleijk( — 2nlei_lej_” + (1+2n)(20 — 1)62-1_lej_1_"
—1-1,1—
—(1-2n)(20 + L)e; el ")

A 7 7

= A2pleiik <4leﬁe]le,;1 +2(20 — el e ted +2(20 + l)e_l_lege}» (4.55)

and the terms either cancel each other or they vanish since they are for the form €% ejeler’.
We have thus shown that the action (4.47) is indeed gauge invariant under the isometries
of AdSs if all higher fields and transformations are assumed to vanish and we now proceed
with the general case.

If we allowed for all gauge fields and transformations to be non-vanishing many extra
terms in the variation would appear of the action which do not cancel out and as before
we will try to find the smallest set of gauge fields and transformation we have to assume
to vanish in order to restore gauge invariance. To let the extra terms vanish in (4.49)
we impose w¥ = 0, which still allows terms proportional to w;" lw;-FlTﬂ, but since they
are symmetric and vanishing we do not have to constrain 7”*. With the same reasoning
the constraint w? = 0 is also sufficient to make the extra terms in (4.50) vanish. From
the terms in (4.51) we find that we need to restrict ef = 752 = p*2 = 0, this leaves
terms proportional to p*3, 7%3 but they vanish again because they are symmetric. These
constraints are sufficient to also make all the extra terms in (4.53) and (4.55) vanish.

To summarize, in order to restore gauge invariance of the action (4.47) we need to

impose the following restrictions
el =wl =72 =p*2 =0, forn #=+1,0. (4.56)

This means that there are no extra fields in the action and that the action is invariant

*2 and p*2. However, from the

under AB? gauge transformations, except for the cases 7
transformation laws of the gauge fields (4.40) and (4.41) we find that the invariance of the
action under these AB3 gauge transformations is trivial in the sense that the gauge fields

themselves are invariant under these transformations.
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5 k-deformed BMS symmetry

5.1 Introduction

In this section we perform a so-called k-deformation [7]-[11] of the BMS symmetry and
investigate the properties of the deformed algebra. The term deformation here refers to
a generalization of an algebra that reduces to the undeformed algebra in an appropriate
limit of the deformation parameter, in the case considered here this limit is kK — co.

The main motivation to study r-deformations is that it is thought [18] that the x-
deformed Poincaré symmetry is related to quantum gravity, which remains elusive even
after decades of research. It is believed to be so since the deformation parameter x has
the dimension of mass by construction and can therefore naturally be identified with
the quantum gravity energy scale, the Planck mass, Mp; ~ 109 GeV. Another widely
held belief is that the structure of spacetime drastically changes at the Planck scale,
[ ~ 1072 m, [51] and that the symmetries of such quantum spacetimes differ from the
classical Poincaré symmetries as well. One could expect that even in the limit of vanishing
spacetime curvature the structure of spacetime at this scale remains different from the
classical case and it is thought that x-Poincaré describes the symmetry of such a “flat
quantum spacetime”. Such a link between a proposed theory of quantum gravity and
k-Poincaré has been established in the case of three-dimensional gravity [20] but not in
the four-dimensional case.

One way of thinking about the BMS symmetry is that GR does not reduce to special
relativity at large distances and weak fields but instead there remains a large space of
inequivalent vacua, as has been explained in section 2.1. One could therefore argue that
the symmetries of the aforementioned flat quantum spacetime is in fact described by a
deformed BMS rather than a deformed Poincaré symmetry. This observation motivates
us to extent the k-deformation of the Poincaré algebra to the infinite-dimensional BMS
algebra. But before performing the actual algebra deformation we are giving a short review
of the necessary mathematical notions such as Hopf algebra, Lie bialgebra and Drinfeld’s
twist deformation [52, 53].

5.2 Review of mathematical notions

It is in fact not the Poincaré or BMS algebra, which are Lie algebras, that are being
deformed directly but the associated Hopf algebras, which can be thought of as algebras
equipped with additional structures. We are first going to define what exactly a Hopf
algebra is and then we will show how a Hopf algebra can be obtained from a given Lie
algebra.

To define a Hopf algebra we follow the explanations in [54]. We begin with the definition
of an associative, unital algebra which is a vector space V over a field K, e.g. real or

complex numbers, together with a multiplication(or product) m : V@ V.— V and unit
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n: K — A such that

mo (m®id) =mo (id ® m) (5.1)
mo(n®id) =id =mo (id ® 7). (5.2)

The product, as it is usually written, is given by ab := m(a ® b) and the first line then
simply expresses associativity a(bc) = (ab)c. The unit is determined by its value (1) € V
and the second line can then be recognized as the definition of the unit al = 1la = a.

Next, we define a coalgebra which is a vector space V over a field K together with a
coproduct A : V — V ® V and counit € such that

(A®id)ocA=(Id® A)o A (5.3)
(e®@id)oA=id = (id®e) o A. (5.4)

By comparison with the previous definition we can see that the coproduct “dualizes” the
notion of the product: instead of mapping from two elements of V' to one element it does
the reverse, it maps one element of V' to two elements. Later in subsection 5.5 we show in
what context this construction is used which will also make its meaning more clear. For
now we are just interested in the mathematical structure.

Finally, a Hopf algebra is both an algebra and a coalgebra obeying certain compatibility

conditions, namely
A(ab) = A(a)A(b), e(ab) =e(a)e(b), A(l)=1®1, £(1)=1 (5.5)
Additionally it contains the antipode S : V — V which fulfills
mo (S®id)oA=noe=mo(id®S)oA, S(ab)=S5(b)S(a) (5.6)

and, as will be made more clear in 5.5, can be understood as a generalization of the inverse.

With this definition of a Hopf algebra H at hand we now explain how one can obtain
one from a given Lie algebra g. The first step is to construct the universal enveloping
algebra U(g). This construction is necessary since H is defined to be a unital, associative
algebra. Intuitively one can think of U(g) as g being embedded into an unital, associative
algebra A such that the abstract bracket [z, y] in g is realized by the commutator xy — yx
in A. Formally, U(g) is defined as the quotient space U(g) = T'(g)/J(g), where T'(g) is
the tensor algebra of g, i.e. the the direct sum of all possible tensor products of vectors
ing,and J(g9) =z®@y—-—y®x=|z,y.

As an example for an universal enveloping algebra we consider the Lie algebra sl(2,C)

which is spanned by three matrices
1
X = 0 Y = 00 H=
00 10
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which satisfy [H,X]| = 2X,[H,Y] = —2Y and [X,Y] = H. The universal enveloping
algebra is then spanned by all (non-negative) powers of three elements x,y, h, therefore
also contains the unit, and is associative. The only additional conditions the enveloping

algebra is subject to are
hr —xh =2z, hy—yh=-2y, xy—yx=~h

and notice that therefore it is not true that, for example, 22 = 0 even though from the
above matrix representation it follows that X? = 0.

The enveloping algebra U(g) can then be equipped with a coproduct Ay, counit &
and antipode Sy to form a so-called primitive Hopf algebra H. These structures take the
following form for all X € g [54]

Ap(X)=X®1+ 10X, S[)(X) =-X, e(X)=0, eo(1)=1,
So(l) =1, Ay(l)=1®1. (5.7)

One can check that the undeformed structures (5.7) are indeed consistent with the

previous definition of Hopf algebra, for instance one finds
mo(S®Id)(1®X+X®1)=0=¢(X)1. (5.8)

Such standard Hopf algebra structure will be then deformed by using Drinfeld’s twist
deformation techniques. To this end one has to extend U(g) by introducing a new com-
muting generator denoted as 1/k. A new, deformed, Hopf algebra equipped with a twist-
deformed coproduct A and a compatible antipode S becomes, according to Drinfeld’s
terminology, a ‘quantum group’. The coproduct in our case will be obtained by a similar-

ity transformation
A(X) = FAo(X)F! (5.9)

with a twist F = a; ® b; € H ® H that has to satisfy the 2-cocycle and normalization

conditions
.7'—12(A0 &® ld)(}—) = fgg(id & Ao)(f"), E(Gi)bi =1, (5.10)

where Fio = a; ® b; ® 1 etc. and repeated indices indicate a summation. The deformed

antipode is given by
S =wvSovt, (5.11)

where v = mo (id® S)(F) and v~! is its inverse. The twist deformation only modifies the
coproduct and antipode but leaves the algebra g unchanged. This is in contrast to the

time-like k-Poincaré, see e.g. [11], where the algebra sector is deformed as well.
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The 2-cocycle condition guarantees that the deformed coproduct remains coassociative

which can be seen as follows:

(A®id) o A(X) = (FAF T @id)(FA (X)F 1)

(F®id)(Ag @ id)(FA (X)) F ) (F ! ®id)

[F12(A0 @ 1d)(F)][(A0 @ id) Ao (X)][(A0 @ id) (F ) Fy']
[Fas(id @ A0) (F)][(1 @ A9)(A0(X)][(id @ Ag) (F ) Fo']
Foz(id ® Ag)(F)(FAeF ) Fyst

(id® A) o A(X), (5.12)

where in the second line we used that (a®0b)(a’®@b") = aa’ @b, in the third line that Ag is
a homomorphism and in the fourth line we used in the first and last bracket the 2-cocycle
condition and in the middle bracket coassociativity of Ag. Notice that in the fourth line

in the last bracket we actually used the inversed form of the 2-cocycle condition:

F12(Ao ®1d)(F) = Fa3(id ® Ag) (5.13)
= (Ag@id)(F HFL = (id® Ag)(F N Fy' (5.14)

For every Hopf algebra which is obtained as a quantum deformation of a Lie algebra (so-
called quantized universal enveloping algebra) one introduces a formal variable enabling
one to expand the deformed coproduct and antipode. In our case this is the dimension
full parameter 1/k. It turns out that for each coproduct the first order contribution of
the anti-symmetrized coproduct defines the so-called “classical limit”. Applied to the Lie
algebra generators X € ¢

0(X) = lim w(AX) — A?H(X)) (5.15)
this defines on the initial Lie algebra g the cobracket § providing the structure of a Lie
bialgebra, where A2?! denotes the coproduct with flipped legs, i.e. if A(X) = X1, ® Xo,
then A?1(X) = X, ® X14. As will be explained in more detail below 4 is compatible with
the bracket in ¢ and satisfies a dual Jacobi identity. Also notice that in the undeformed
case ¢ is vanishing since A is symmetric. Let us briefly discuss some properties of such
Lie bialgebras following the treatment in [55, 56].

First we need to define a Lie coalgebra which is a vector space equipped with a co-
bracket § : ¢ — g ® g that is anti-symmetric and fulfills the dual Jacobi identity, for all
Xeg

( id +o+ 02) (6 ® id )8(X) = 0, (5.16)

where o denotes a cyclic permutation of ¢ ® g ® g. A Lie bialgebra is then defined as a set
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of a Lie algebra and Lie coalgebra that are compatible in the following sense

5([X,Y]) = adxd(Y) — ady6(X)
= (adx ®id +id ® adx)3(Y) — (ady ®id + id ® ady )6(X). (5.17)

If the cobracket is implemented by an antisymmetric element r € g A g, the so-called
classical r-matrix, satisfying the classical Yang-Baxter equation (see below) the Lie bial-
gebra is called coboundary. In that case we obtain a cobracket applied to an arbitrary

element X of the initial Lie algebra in the form
(X)=adxr=[X®id+id® X, r|. (5.18)

This form of the cobracket automatically satisfies the following compatibility condition
(5.17). To check that this is true we first note that we can write

0p(X) = (adx ®id +id ® adx)(r) (5.19)
and substituting in (5.17) we have

5.(1X,Y)) = (adx ®id + id ® adx ) (ady ® id + id ® ady ) (r)
— (ady ® id +id ® ady)(adx ® id + id ® adx)(r)
= ((adxady —adyadyx) ® id + id ® (adxady — adyadX)) (r)
= (ad[x,y) ® id +id ® ad[x,y1)(r) = ad|x y}(7), (5.20)

which shows that indeed (5.17) follows from (5.18). In the last line we used that for Z € g
adxady Z — adyadxZ = ad[y y|Z (5.21)
which we can also write as
(X [Y, 2] = [V, [X, 2] = [[X, Y], Z] (5.22)
and this is equivalent to the Jacoby identity
(X, [Y,Z]|+ [Y,[Z,X]]+ [Z,[X,Y]] = 0. (5.23)

For coboundary deformations the flipped coproduct is provided by the quantum 7-
matrix R: A?! = RAR™L. In this way the formula (5.15) expresses on the one hand the
so-called classical limit of quantum deformations and on the other hand relations between
classical and quantum r-matrices. Furthermore, the quantum r-matrix is related to the
twist via R = Fo1 F ! and thus (5.15) also expresses a relation between the twist and the

classical r-matrix.
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As stated above the r-matrix has to fulfill the classical Yang-Baxter equation

[[r, 7]} = €, (5.24)
where [[,]] denotes the Schouten bracket defined as
[[r,7]] = [r12, r13) + [r12, 23] + [r13, r23), (5.25)

and €2 is an adjoint invariant element, i.e. adx ) = 0.

Note that sometimes (5.24) is referred to as modified Yang-Baxter equation and only
the case Q = 0 is called classical. If the rhs of (5.24) is zero the corresponding bialgebra
structure is called coboundary triangular. All such deformations are derivable by a twisting
procedure (like eq.(5.9)) as described in [36, 57] and references therein.

The classical r-matrix is required to fulfill (5.24) because this condition guarantees
that 0 satisfies the dual Jacobi identity (5.16) which follows from the following identity

(id + 0 + 6 (6 ®1d)6(X) = adx/[[r, 7]], (5.26)

where o denotes a cyclic permutation of the element g ® g® g. The proof of this identity is
quite lengthy and can be found in [56] and therefore, instead of presenting this proof, we
demonstrate that it holds true for a simple example. To this end we consider the algebra
with just two elements [z,y] = x and r-matrix given by r = 2 A y so that from (5.18) we

obtain
0(x)=0, d(y)=—-zAy. (5.27)
Evaluating each term in the Schouten bracket we find

[r12,713] = —[1,2] Rz QY — [2,Y) QYURr=2RrRYy - QYR x
[r12,713] = 2@ Qyu+yRr
[r13, 723 =2 QyYRr—yRrx (5.28)

and since the sum of these terms vanishes the Lie bialgebra in this example is triangular.
Now we evaluate the lhs of (5.26)

(0 ®id)d(xz) =0

(0®id)o(y) = —d0(z) Qy+i(y) Rr=yYRrRr -2y
c(d®id)i(y) =r0yRr -1y
0 ®id)d(y) =21y —yRr (5.29)

and see that it is indeed vanishing as well. This example completes our review of the

mathematical background and we can now proceed with the deformation of the BMS
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algebra.

5.3 k-deformed three-dimensional BMS algebra

In this subsection we present the twist deformation of the three-dimensional BMS algebra
B3 defined in (2.37). It partially reproduces our publications [14, 58]. The physically
important example of Hopf algebra that we will use as a starting point here is the x-
Poincaré Hopf algebra [7]-[11], which exists in three different versions characterized by
the fixed vector 7. This vector is spacelike, timelike or lightlike and defines the classical
r-matrix [59]

rr =T"May N PH (5.30)

where M, P* form a basis of the Poincaré algebra

[Mum Mp)\] =1 (nuz\Mvp - nvAM,up + nvau)\ - n,uva)\)

. (5.31)
[Muwpp] =1 (nvppu - nuppv) ) [PuvP/\] =0
and 7, is the Minkowski metric. The Schouten bracket of (5.30) turns out to be
[[T‘T,TTH = —n(r,7)Q, (5.32)

where Q0 = M,,, N P* N P and therefore, out of these three different x-Poincaré versions,
only the lightlike one is coboundary triangular and can thus be constructed by a twist.
The deformation of the Poincaré algebra via twist can then be extended to the whole B3
since from (2.37) we know the commutator of the elements of the Poincaré subalgebra and
elements of B3 and, as will be explained in more detail below, this is sufficient to perform
the twist deformation of B3. Since for the timelike and spacelike cases it is far less obvious
how such an extension of the deformation to B* could be performed we choose the lightlike
case.

The lightlike (also called lightcone) k-Poincaré deformation has the further advantage
that it automatically guarantees that the embeddings of the Poincaré sub-Hopf algebras
are consistent in the sense that the new coproduct is a homomorphism for all X, X’ € UB3

AXX') = FA(XX)F 1 = FAX)F L FAX)F L = A(X)A(X). (5.33)

In fact, one can even make a stronger argument that only the coboundary triangular Hopf
algebra is possible in UB3. In the Poincaré algebra there is only one nontrivial candidate

for the ad-invariant element in eq.(5.24)
Q= My, NP*NPY (5.34)

but this is not ad-invariant in the B3. Thus the Schouten bracket has to vanish which is
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the defining relation for a triangular Hopf algebra. Therefore the lightlike deformation is
actually the only one that can be constructed for B3.

To explicitly construct the lightcone x-deformation one can first canonically assign a
Hopf algebra structure to UB? by using the undeformed coproduct and antipode defined
in eq.(5.7) for every generator X. This trivial coalgebra structure can then be deformed
by using a 2-cocycle twist. In lightcone coordinates the Minkowski metric reads ds? =
2dxTdx~ — dx? and we choose a null vector 7 = (1,0,0) such that the r-matrix (5.30) is

given by
re =Mi_ AP” +eMy AP (5.35)

and the twist, which is called extended Jordanian twist, has the following form [59, 60]

] P
F. = exp <_57711;M+1 ® P1> exp (—iM+ ®@nt" log <1 + /:)) , (5.36)

where ¢ = 0,1. We introduced the factor € which can be either 1 corresponding to the full
deformation or 0 which leaves only the Jordanian part [60] of the twist.

Since there are in fact infinitely many embeddings of the Poincaré algebra into B2, see
eqs.(2.42)-(2.43), we obtain a whole family of twists parametrized by n. These different
embeddings of the Poincaré algebra into B3 ' allow for twists that turn out to lead to non-
isomorphic Hopf algebras living in the same universal enveloping algebra structure. This
means that there is a family of unitary twisting elements F,, . satisfying the two-cocycle

and normalization conditions which read

' P
Fne = €xp (—enII;MH ® P1> exp (—z’M+ ®@nT " log <1 + I:))

i i
=exple——=, Ty |exp | —lp®1/nlog |1+ —=T}, . 5.37
p( nr2 0) P( 0 / g< /2 >> ( )

To calculate the deformed coproducts (5.9)
Ape(ln) = FpeDo(lm)Frt s Ape(Tn) = FoeDo(Tin) Frp (5.38)

we first write F, . = e“eP and use that I, ; = e Pe=C. We thus need to evaluate terms

of the form

A =eePAgePe ¢ (5.39)

1n four dimensions similar embeddings exist and we start with the three dimensional case mainly for
simplicity.
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and to this end it is convenient to make use of the the Hadamard formula

Zl' [AB].].

n times

This formula is used twice, first we evaluate A’ = eP?Age™ and then in a second step

A =e“A’e~C and in this way obtain the following deformed coproducts

An,a(lm) =1Q®lm — (n\fﬁ)

(m —n)

n2k2

+5Z<nfﬁ> klf m*’“”@TéHW’ (5.40)

lo ® Tynll7h + ie——1p, @ T,

\/in

+e Ly @ ToTn Tk + L,

[e'e) . k
) 1 ., o
+ E — T, ToIl: 5.41

6k:1 (n\/éli) k!fnm mthn 0t ( )

where

k—1
=TT = ), 1 = (

Jj=0

\[/) (5.42)

Each coproduct labeled by n = 1,2, ... represents a different Hopf algebra deformation of
the enveloping algebra, i.e. a quantum group. Moreover, depending on the value of ¢ = 0 or
€ = 1 one has two quantum group structures for each n: Jordanian or extended Jordanian.
Furthermore, each of these quantum groups admits only one Hopf subalgebra, which is
for any n spanned by the elements ly, [+, To, T4, (to see that they are Hopf subalgebras
notice that for m = n = f¥ = 0) and is isomorphic to the (lightlike) x-Poincaré Hopf
algebra, i.e. the case n = 1.

The deformed antipode could be obtained from (5.11) but it appears that the resulting
expressions can not be written in closed form. We therefore only present the leading order
which is most easily obtained from the defining property of the antipode in (5.6) (first
equation therein). Considering first T;,, and evaluating the right-hand side of (5.6) then
yields

0 (id ® Spe) 0 Ape(T) =0

= Spe(Tim) J‘rTm (1 +i m‘zi}(ﬂ )>

1€ _
s (n — M) Tt Sne(To) + O(k™2) =0
mT, i€
=8, (Ty)=-Tn1—i—2) + — ) TpanTo + O(k72). 5.43
)= T (1172 ) )T Ty 4 0D, (53
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Similarly we obtain the deformed antipode S(I,,)

7

Sn lm:_lm_ - len
o(tn) S [(m = )T

—m(lnTy + el Ty) —e(n — m)lm+nTo] . (5.44)

Note that if one tried to obtain the deformed antipode in all orders in this way one would
in general obtain implicit equations for the antipode.

Each quantum group has as a classical limit the corresponding Lie bialgebra structure.
In our case the bialgebra cobrackets are obtained via (5.18) from classical r-matrices of

the form

1
Pne=n"TMy APy +en'!M AP = Ton (lo ATy + el ATp) (5.45)

and explicitly read

7

On.e(lm) :\/5 ((n —m)lg A Topgn — emlny ATy,
—e(m —n))lnsn ATo + mim ATy) (5.46)
Sne(Tin) =—e—(e(n — M) T A To + mTipy AT}) . (5.47)

V2n

One can check that this indeed corresponds to the anti-symmetrized O(x~!) terms of the

coproducts as it should according to (5.15).

5.4 rk-deformed four-dimensional BMS algebra

The deformation of the four-dimensional BMS algebra can be performed completely anal-
ogously to the three-dimensional case. The results of this subsection have been published
in [14, 58]. Starting point is the Lie algebra B2, i.e. the algebra in eq. (2.20) with

l,m,n € Z, and for convenience we introduce a new basis via the linear combinations

km =l + lns k= —i (Ln — ln)

1
Smp == (Tomp + Tym) s Amp = —

. (Tonp — Tpm) (5.48)
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in terms of which the algebra B2 takes the form

< 2 2
[knv Spq} = (n;_ ! _P> Apingt+ (n—2|- L Q) Agtnp (5.49)
(ks Apg] = <n—2i— ! —p) Aptng + (n—2|— Lo Q> Apgtn;
[knvAPQ] = <n—2|— ! —p) Sping + (n—2|— L Q> Sq+n,p

The elements which span the Poincare subalgebra in lightcone coordinates, with a,b = 1,2

[M+a7 ] ( ab T nabM+ ) y [M:I:a; Mib] =0

[M:l:CU Mbc] l (nabM:I:c nacMib) 5 [M+—> M:I:a] = £iMy, (5 50)

[My_,Py] ==+iPy |, [Muiq, Py) = ing Pt

(Mig,Py] =[M,_,P]=0 , [Mi,, Pz]=—iP,
are now given by
ko =iMy_, ko= —iMia, ki = —iv2Mq,

k_i =iV2M_1, k1 = iV2Myo, k_1 = ivV/2M_s,
Soo = —iV2P_, Si1 = —iV2Py, So1 = iP1, Agy = —iP. (5.51)

As before the structure we are going to deform is the Hopf algebra obtained by equipping
the universal enveloping algebra UBZ , with an undeformed coproduct and antipode. Since
in the four-dimensional case there are also infinitely many embeddings of the Poincaré
algebra into B4
with n € Z

oxt> as discussed after eq. (2.26), there exists a family of twisting elements,

' P
Frne = €xp (—€;M+a ® Pa) exp (—iM+_ ® log (1 + ;))

1€ -
= €X ———— (k1—2n ® Sn1—n + k120, ® Ap1-p
P( \/§n(1—2n)( 1-2 1 1-2 1 )>

ko )
log (14— ninl], 52
xexp<1_2n® 0g< + \/i‘iSl 1 >> (5.52)

where the first line is the lightlike x-Poincaré twisting element given in [59]. The second

line has been obtained by first expressing M, P in terms of k, k, S, A according to (5.51)
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and then substituting the embeddings as follows

{lo,1a1, Lo, lx1T00, Ti1, Tho, Tor }
=

{l(]a l:l:(l—?n)7 l_Oa l_:t(l—Qn)v TTL,?% Tl—TL,l—TLa Tl—n,n> Tn,l—n} . (553)
From the twist (5.52) we obtain the following deformed coproducts

Apelbm) =1Rkn +k,®1
)

~ T2 an (20 = Dk © Sionsmin + Mk © $1-n1-n)

i€
_|_ .
2(1 — 2n)V2k
+ El*Qn X [(m —2n + 1)An+m,1fn + (’I’I’L +2n — 1)An,lfn+m]

(kl_% @ [(m — 21+ 1)Snim1—n(m + 21 — 1)S1—nsman]

— 2(1 —2n — m) [k1_2n+m ® Spi—n + ]_§1_2n+m X An,l—n]) + O(/i_z)
(5.54)
Apelbm) =10 kn+kn®1

- (1_2;)\/5%((7” +2n — 1)k0 ® Alfner,lfn +mky, ® Alfn,lfn)
Lt
2(1 —2n)v2k
+ (m + 2n — 1)A17n+m,n]

+ Elan X [(m —2n + ]-)Sner,lfn + (m +2n — 1)Sn,1fn+m]

(K120 @ [(m = 20+ 1) A1

— 2(1 —2n — m) [1_61_2n+m & Sn,l—n —k1—ontm ® An,l—n]) + O(/i_z)

(5.55)
An,e(qu) =1® Spq + Spq ®1
7
— P+ @) ® S1—n1-n
(1— 2n)ﬂﬁ; (P +4)Spq ol
1€
+—([(1=n—=0)Spr1-2nc + (1 =1 — ¢)Ssr1—2n0 @ Sni1-n
T2 73 (1= 1= P)Spitoang (1= 1= )Sps1-00s] © S
+(1=n—pApri—2ng
(1= = @) Agi1-205] ® Apin) +O(k7) (5.56)
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Ape(Apg) = 1@ Apg + Apg @ 1
7

- m(p +q)Apg ® S1—nji—n

(23
+—F (1 =n—=p)Apt1—2ng+ (1 —n—q)A —on] ® Spi-n
T2 v3s (1 1= D) At (1= 1= D Apgia-2n) 9 S
+ (1 =n—=p)Spr1-2n4

+ (1= 11— q)Sgr1-2np] ® An,l_n) +O(r2). (5.57)

For each n there exists only a single Hopf subalgebra spanned by the set of ten generators
k:o,kl,gn,Eo,/_cl,gn,Snm,Sl,nyl,n,Sn,l,n,Sl,n,n,An,l,n,Al,mn. These subalgebras are
isomorphic to the Poincaré subalgebra, i.e. the case n = 0. To see that these generators
indeed form subalgebras consider for instance A(k,,) and for m = 0 it is directly clear that
it only contains elements from the aforementioned set of ten generators. For m =1 — 2n
the only remaining contribution comes from terms proportional to Sy4m,1—n = S1—n,1-n
and is thus also in the set and similarly one can check the remaining coproducts.

The Lie bialgebra cobracket can be obtained simply by anti-symmetrizing the leading
order expressions for the coproducts (5.54)-(5.57) and we therefore do not write them here

explicitly. The expressions for the deformed antipode can be found in the Appendix (8.1).

5.5 Physical interpretation of coproduct and antipode

So far our treatment of the deformation of the BMS algebra in three and four dimensions
has been mainly mathematical and we can now turn to explaining how the coproduct and
antipode can be interpreted physically.

The role of the coproduct is to define how an operator, e.g. the momentum operator,
acts on a two-particle state to obtain the total momentum, see for example [18]. In the

undeformed case this just yields the familiar composition rule of momenta

Pt |P') ® |P%) = A(P) |P) © |P?)
=(l1®eP+Px1)P)e|P?
= (P! + P?)|PY) ® |P?) (5.58)
but if we, for example, consider the deformed coproduct (5.41) this composition rule is
modified

m
Ano(To) |TY) @ |T?) = (T, + T, + —=—T,T3) IT") @ |T?) (5.59)
n\/iﬁ

and it is common to use the notation

wmn
- ﬂﬂT;Tg. (5.60)

We can therefore understand the coproduct as the structure that defines a deformed sum-

T, ®Ta =T, + Ty +
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mation rule and the antipode can be understood as the compatible deformed subtraction
and will be denoted as ©. Using the expression for the antipode (5.43), with ¢ = 0, we
can write in leading order
m
nv2k
(5.61)

which demonstrates aforementioned compatibility.

An interesting feature of the deformed coproducts in four dimensions (5.54)-(5.57) is
that it leads to a modified composition rule such that the addition of two supermomenta,
i.e. momenta outside of the Poincaré sector, in general will contain Poincaré momenta.!!
The deformed coproduct Ajo(Apq) in eq. (5.57), for instance, contains the Poincaré
momenta So, 50,1 and Ap;. The same is true for the addition of two superrotations
which will generically contain an element ko or kg from the Poincaré sector. This fact is
going to play an important role in section 6.3, where we explain how it could enter an

ongoing discussion concerning the black hole information paradox [22].

HThis is also true for the three-dimensional case, but we are interested here in the physical, four-
dimensional case.
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6 Black hole entropy and information loss paradox

6.1 Introduction

The discovery that black holes carry an entropy proportional to their horizon area A

according to the celebrated Bekenstein-Hawking formula

A
S= e (6.1)

is now more than forty years old [21, 61]. The physical picture is that due to quantum
effects a black hole of mass M evaporates [21] and it does so in such a way that the

radiation it emits has an exact thermal spectrum at the Hawking temperature

_h
- 87GM’

Th (6.2)

Despite numerous derivations of the entropy-area relation (6.1) existing in a variety of
approaches to quantum gravity (see [62] for a comprehensive listing), the fundamental
question concerning the nature of the degrees of freedom responsible for such entropy has
not yet found a conclusive answer.

In subsection 6.2 we revisit [65] one of the earliest attempts at addressing this ques-
tion by 't Hooft [12], in which quanta of a field in thermal equilibrium at the Hawking
temperature near the horizon are considered as possible candidates for the origin of the
Bekenstein-Hawking entropy. The main novelty of our treatment is the inclusion of back-
reaction effects on the spacetime metric due to the evaporation of the black hole which
allows us to give a natural explanation for a certain regulator, the so-called brick wall, 't
Hooft had to introduce ad hoc. The brick wall is situated just above the event horizon
and it is assumed that all fields below it are vanishing in order to cure divergences that
would appear otherwise.

After completing our discussion of black hole entropy we turn in subsection 6.3 to
another far reaching consequence of the existence of black hole evaporation, namely the
information loss paradox [22]. We will briefly introduce what the paradox is about and
explain a possible loophole in the derivation of [22] which has recently been proposed by
Hawking, Perry and Strominger [13]. It is intimately connected with the BMS symmetry
and is of semi-classical nature, i.e. spacetime is considered to be classical and matter
fields quantum. Not long after, Bousso, Mirbabayi and Porrati [63, 64] have put forward
a counter argument which they use to claim that the BMS symmetry has in fact no
bearing on the information paradox whatsoever. In yet another twist to that story we
argue that the x-deformation of the BMS symmetry potentially invalidates one of the
core assumptions of [64], so that their argument would no longer be an obstruction to
the arguments of [13]. This line of argument would suggest that a semi-classical approach
is not sufficient to resolve the information loss paradox but quantum gravity effects are

necessary.
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6.2 Brick wall entropy

Since due to quantum effects black holes radiate thermally [21], one of the earliest attempts,
by 't Hooft [12], at explaining the microscopical degrees of freedom underlying black
hole entropy focused on the quanta of a field in thermal equilibrium at the Hawking
temperature near the horizon. As it turns out the counting of modes needed for deriving
the thermodynamic partition function of the field yields a divergent result due to an infinite
contribution coming from the black hole horizon. 't Hooft noticed that introducing a crude
regulator by requiring the vanishing of the field at a small radial distance from the horizon
allows to obtain a finite horizon contribution to the entropy proportional to the area.
Appropriately tuning the distance of such a “brick wall” from the horizon one can exactly
reproduce the Bekenstein-Hawking formula (6.1). This result, albeit suggestive, replaces
the question about the origin of Bekenstein-Hawking entropy with a question about the
nature of the brick wall boundary.

In this section, which partially reproduces our publication [65], we study the effect of
backreaction on the field propagating in the vicinity of the black hole horizon. We do
this by replacing the usual Schwarzschild metric by a dynamic, “evaporating” metric first
proposed in [66], in which the effects of backreaction are parametrized by the luminosity of
the radiating black hole. After solving the field equations in such a metric we proceed to the
usual mode counting for the field. The key feature of our model is that the small luminosity
creates a “quantum ergosphere”, a region between the apparent horizon and the event
horizon which effectively acts as a brick wall providing a finite horizon contribution to the
entropy. As we show below, within the small luminosity and quasi-static approximations
we use we are able to reproduce the Bekenstein-Hawking result within very good accuracy.

Our starting point is the result by Bardeen [66] (see also [67] and [68]) that the metric
of a spherically symmetric black hole slowly emitting Hawking radiation has the following

form
2m

ds® = —e2¥ <1 — ) dv? + 2e¥dvdr + r2dQ, (6.3)

r

where 1 and m are functions of the advanced time v and the radial coordinate r. Einstein

field equations relate 1) and m to the energy-momentum tensor 7, by

om

D 2

5 AmreT, (6.4)
%T = AT (6.5)
% = drrel TV (6.6)

and as is explained in [67] we also assume that near the horizon the components of Ty, Ty,
are of order L/r%. For m constant and ¢ = 0 this metric reduces to the Schwarzschild one,
while for ) = 0 and m = m(v) it becomes the Vaidya metric. Following [67] we define the

mass of the black hole at a given time to be M (v) = m(v,r = 2m) and its luminosity to
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be L = —%.

We work in the regime of small luminosity'? L < 1 and in what follows we will focus
on the near-horizon features of the metric (6.3). To this end we introduce a new “co-
moving” radial coordinate p = r — 2M = r — 2My 4 2Lv and assume that p is small, of
the same order as Lv, so that in our computations we will only keep terms which are at
most linear in p and L. Further, the Einstein equations allow us to set, for convenience,
(r = 2M) = 0, which in our approximation makes the function v disappear from all the

linearized expressions. Indeed

2
"o

(6.7)
r=2M
and it follows from Einstein equations that 0y /0r ~ L/r at r = 2M, so that the first
term in (6.7) vanishes, while the second is of higher order and can be neglected. A similar
argument can be applied to m
om

m(v,r) ~m(v,r =2M) + B

p (6.8)
r=2M

and since Om/0r ~ L we can write to first order in perturbation theory
m(v,r) ~ M(v) ~ My — Lv. (6.9)

In terms of the co-moving radial coordinate the metric near r = 2M takes the form

ds? = — (/H’;M + 4L> dv® + 2dvdp + (p + 2M)?dS2. (6.10)

The metric (6.3) has several horizon-like structures. We first consider the apparent
horizon (AH), defined as the outermost trapped surface, i.e. the surface from which no light
ray can move outwards. One characterizes this feature with the help of the expansion © of
a congruence of null geodesics, which describes the fractional change of the congruence’s
area. The apparent horizon is defined as a surface for which © = 0.

The expansion © of a congruence of null geodesics is given by [67]

©=1I",—&x, (6.11)
where [, is the tangent vector field to the congruence, x = —3#1"l,,,, and 3, is an auxiliary
null vector which fulfills /,8# = —1. This auxiliary vector appears since in the case of a

null curve it is at first not clear how to define a subspace normal to the tangent vector
of this curve, because a null vector is normal to itself. Such a subspace is crucial for the

description of geodesic congruences, however, and for null geodesics it is defined to consist

12Since L < 1/M?, for a black hole with solar mass the value would be L ~ 1077® in Planck units.
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of all those vectors which are orthogonal to both I* and . Choosing the null vectors

= () = (1; (1 - 254”)) L8R = (0,—1), (6.12)

we obtain the following expressions for the expansion in Bardeen coordinates (r,v) and

co-moving coordinates (p, v)

M 1 M 1

ofr)=— - AN O(p) = m T (6.13)

which shows that the apparent horizon is located in the two coordinate systems at rag =
2M and at pag = 0.

In order to capture another horizon-like structure present in the problem, York [67]
gives a working definition of what we will call York event horizon (YEH), which lacks the

teleological property of the event horizon and is instead based on the local condition

dr

i.e. it characterizes the YEH as the surface at which photons are “stuck”. According to this
definition the YEH in the Bardeen and co-moving coordinates lies at ry gy = 2M — 8M L
and pypy = —8ML.

The region between York event horizon and apparent horizon was dubbed by York
quantum ergosphere [67], and he argues that its presence is an irreducible property of an
evaporating black hole.

We will use this observation to shed new light on the brick wall calculation of 't Hooft
[12] by including the contributions due to the backreaction, here modeled by a small
luminosity L.

The original result of 't Hooft is that the free energy of a scalar field living outside the

Schwarzschild black hole has a horizon contribution given by

o3 oM \*

where 3 is the inverse Bekenstein-Hawking temperature and h is a small cut-off parameter
with dimensions of length. From (6.15), using standard manipulations, one can calculate
the thermodynamic entropy associated to the field and the resulting contribution from the
horizon term above is proportional to the area of the black hole thus qualitatively repro-
ducing the Bekenstein-Hawking entropy-area relation. As we will see, it is a consequence
of finite luminosity that the brick-wall thickness h, which is arbitrary in the original 't
Hooft calculation, can be now naturally identified with the distance between the event
and apparent horizon. Therefore the quantum ergosphere [67], the region between the AH

and the YEH, plays the role of a physically motivated brick wall.
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In order to proceed with the counting of modes of the field we start by solving the
equations of motion describing a scalar field in the vicinity of the black hole horizon in
the co-moving coordinates introduced earlier. A massless scalar field ¢ in this geometry

with metric (6.10) obeys the following equation of motion

P 2 Op _ M
<4L+p+2M> ap¢+2p+2M (1 p+2M+2L 20,000+
2 I(1+1)
v — =0. 6.16
p—+2M ¢ (p+2M)2¢ (6.16)

Since we are interested only in the contribution coming from the vicinity of the horizon

in the case of small luminosity assuming p/My < 1, L < 1 and using the quasi-static

approximation QLM”O < 113, we can write

2 1 L
~—(1- 2 Y (6.17)
p+2M My 2My My
2 1 Lv
1-— 2L | ~ —— | 14+4L + — 6.18
p+2M< pr2M > 2M0<+ +Mo> (618)

and equation (6.16) becomes

1 L
<4L . P) o2+ L <1 AL+ MZ) Oy + 20,06

2M 2M,
1 p Lo I(1+1)
1 - - @ — = U. 1
* My ( 2My * M0> Ot (2Mo)2qj ’ (6.19)

We now make use of the standard WKB ansatz
blp,v) = U(p)e=ivel I Ko (6.20)

and find that the real part of (6.19) takes the form

!
<4L + 2&)) (U" - K2U) + 2(](40 + 2wkl — l(gj\}rog U =0, (6.21)
which, as a consequence of our approximation scheme, is v-independent. This part is
sufficient for obtaining the wavenumber k. The imaginary part could be used to compute
the amplitude but since we are only interested in counting the modes of the field with the
help of the wavenumber we can ignore it. Moreover the v-independence of (6.21) shows
that for the purpose of the entropy computation, to be presented below, the geometry is

static. In the WKB approximation one assumes that the amplitude U(p) varies slowly

13This approximation means that we only consider v which are small compared to the expected lifetime
of the black hole MoL™*.
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compared to the wave number

U/ UI/
— <k —<k 6.22
o<k <, (6.22)
and therefore (6.21) becomes
p 2 I(l+1)
— 4L 4+ — ) k* 4 2wk — = 2
( +2Mo> + 2w (21y)? 0, (6.23)

which can be solved for k giving

I(1+1)
. w =T \/QUQ _ (41;—% 5ﬁ%§> @)

kT ~
4L+ﬁ

: (6.24)

where again we neglected the terms which are of higher order in our approximation scheme.
These two solutions correspond to incoming and outgoing modes, respectively and can be
used to calculate the thermodynamic entropy associated to the field via a count of its
number of modes and the derivation of the statistical partition function.

By approximating the sum over [ with an integral the number of modes with frequency

up to w is given by, see also [69]

lmaz
g(w) = /O v(l,w) (21 + 1)d, (6.25)

where v(l,w) is the number of nodes in the mode with (I,w) and l;q, is the maximal
value for [ such that the square root in (6.24) is real. The quantity v can be explicitly
calculated by considering the modes (6.24) in the box of the radial length A, which acts

as an infrared regulator

A:u%:u%—mﬂszk, k= (6.26)
where A is the wavelength of the mode.

In the original brick wall calculation [12] it is assumed that the scalar field, whose
entropy we are going to compute, vanishes beyond the brick wall, situated at a small
distance h from the Schwarzschild black hole horizon at rge,, so that all the relevant
integrals have the lower limit at rse, + h. In the case of the Schwarzschild black hole
considered in [12] the apparent and event horizon coincide, rgey = rpg = 74H, however
in our case they are different and we must decide at which of the two we impose the
scalar field boundary conditions. Our argument relies on the observation that in the brick
wall picture the scalar field is to be in thermal equilibrium at temperature T which is
identified with the temperature of Hawking radiation. However, by invoking the so-called
tunneling picture, it can be argued that the Hawking radiation originates at the vicinity of

the apparent, not the event horizon (see [70] and references therein). Thus, remembering
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that the apparent horizon corresponds to p = 0, we choose the integration range in the
formula above to go from 0 to A, where A is the infra-red cutoff introduced before, whose
explicit value will not interest us here, since the expression for the area contribution to

the entropy does not depend on it. The number of nodes is thus given by the integral

Il
A N Aw—i— \/w2 - (4L+ﬁ) (2(]\}_01))2
2mv(l, w —/ k dp—/ dp, 6.27

where we used eq. (6.24) and only considered the contribution from the outgoing modes.
We notice that the ingoing solutions close to the apparent horizon are moving towards the
singularity and one can argue that they can not contribute to the entropy since they do
not appear outside of the apparent horizon where we are counting the modes. As we will
find below, this choice is also justified a posteriori, by the remarkable agreement of our
final result with the Bekenstein-Hawking entropy relation.

Let us notice that the equation for the number of nodes above differs from the one ob-
tained previously in the literature in [69] in two aspects. First, due to the approximations
we made there is no dependence on the advanced time v and second, we do not have to
introduce a cut-off close to the horizon, since the finite luminosity prevents the integrand
from diverging at p = 0. The integration with respect to [ in eq. (6.25) is taken over those

values for which the square root is real and yields

Y 5(2G My + p)twd
9(w) = /0 67 (SMoL + p(1 + 4072 " (6.28)

The leading contributions in the integral in (6.28) are thus given by

bWl M 5uw3A3
- 3rL 187(1+8L) "’

9(w) (6.29)

where the second term is the usual volume contribution and has no relevance for our

discussion. The thermodynamic partition function of the field is given by
Z=ePE, (6.30)
where F' is the free energy
mBF = /dg(w) In (1 - e_'Bw> . (6.31)

Using (6.29) and neglecting the volume contribution to g(w) we have

1 [ g dg(w) M3
F== In(l—e P L gy = — =0 6.32
5 [ m e Bla, - T (632
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from which we can calculate the entropy of the field associated to the horizon boundary

3.3
S:BQQF_KLMOW

95" = L5 (6.33)

Comparing our result for the free energy (6.32) with the standard result obtained from
the brick wall calculation (6.15) we see that the brick wall width parameter h introduced

by 't Hooft can be expressed in terms of the luminosity of the black hole as

32
h= "7 LMy, (6.34)

and thus the backreaction of the quantum radiance on the horizon structures of the black
hole naturally provides the regulator needed for a finite horizon contribution to the field
entropy.

In order to obtain an expression for the entropy (6.33) to be compared to the Bekenstein-
Hawking relation (6.1) we now have to spell out the explicit form of the luminosity L in
terms of the black hole mass M. In the first order approximation used in our calculation
the luminosity L is a small quantity so that we can identify it with the luminosity Lg of
Hawking radiation in the case of a Schwarzschild black hole. Any correction to Lg coming
from backreaction effects would be subleading and can therefore be safely neglected. To

find Lg, one considers [71] a flux X of radiation with energy wy

['(wg)

X(wk) = 277(@87"Mowk — 1) )

(6.35)

where the factor I' models the backscattering. Integrating the flux times the energy w we

find the luminosity that escapes to infinity
oo
Ls = / dwwX (). (6.36)
0

The factor I' can be approximated by [72]

[~ 27m MZw? (6.37)
and integration over w yields
1.69
L~ —— 6.38
57 7680m M2 (6.38)
Plugging the expression (6.38) in (6.33) we finally obtain
S =0.987 - 47 MZ = 0.987Spy (6.39)

where Spp is the Bekenstein-Hawking entropy. We thus see that our model reproduces the

exact result of Bekenstein-Hawking with an accuracy close to 99%, which is a remarkable
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result given the rather crude approximations that we used.

There is an important comment to be made at this point. In our calculation of the
entropy we assumed that the luminosity of the black hole results from a single massless
scalar mode, the same that we used to compute the entropy. Since in nature we do not
know any massless scalar field to exist it might be argued that one should use instead
in our computations the massless fields that we know about, namely photons and gravi-
tons, i.e., four massless degrees of freedom. Each degree of freedom will contribute the
amount (6.33) to the entropy. As for the luminosity one can use the numerical results of
Page [73], to see that the contribution to luminosity of photons and gravitons is of order
3x10751/M@ as compared to 7x 1075 1/Mg given by (6.38). This means that the final en-
tropy will be by a factor 8 larger in the case of photons and gravitons than it is in the case
of a single scalar. On the other hand it is believed that the Bekenstein—-Hawking entropy
is fundamental, capturing some essential features of space-time and from that perspective
it is hard to imagine that it could depend on the number of massless degrees of freedom
in nature, which seems to be rather contingent. The fact that employing a single massless
degree of freedom reproduces the correct value, with a small error, indicates that there

might be something special about the single massless scalar field model.

To summarize, in this section we showed how small backreaction effects can be intro-
duced in the derivation of the thermodynamic entropy of a field in thermal equilibrium
in the proximity of a black hole horizon. The resulting changes due to a small but non-
vanishing luminosity on the horizon structure of the black hole provide a natural brick
wall regulator for the near-horizon modes of the field. Using the small luminosity and
quasi-static approximations we were able to solve the equations of motion for a scalar
field in the evaporating metric to find an explicit expression for the field modes, the de-
grees of freedom contributing to the thermodynamic partition function of the field. We
showed that once the width of the quantum ergosphere is set by the Hawking luminosity
the horizon contribution to the entropy of the field is in very good agreement with the
Bekenstein-Hawking relation for the black hole entropy. In the original brick wall calcula-
tion the width of the brick wall had to be adjusted by hand in order to have the correct
proportionality factor between entropy and the black hole area. From this point of view
we find our result particularly suggestive: the non-trivial horizon geometry determined by
the backreaction of the Hawking flux leaves no arbitrary parameter to be tuned to obtain

the desired result.

6.3 Information loss paradox and BMS

At the end of Section 5.5 we have mentioned that the x-deformation of BMS can be argued
to affect a discussion concerning the information loss paradox. To properly explain our
argument we first take a moment to review the main points of this paradox, a loophole

which potentially leads to a way out of the paradox [13] involving the BMS symmetry and
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a counter argument aiming to invalidate this loophole [63, 64].

By means of a semi-classical derivation Hawking [21] demonstrated that black holes
radiate particles and found that the emission is described by an exact blackbody spectrum.
It has furthermore been argued by Hawking [22] that this radiation does not carry any
information about the matter fields that have formed the black hole. The microscopic
origin of the radiation are particle-antiparticle pairs which form in the vicinity of the black
hole horizon with particles of negative energy falling into the black hole and particles
with positive energy escaping to infinity. The important point is that this process is
completely independent of the interior of the black hole and the radiation therefore carries
no information about the infalling matter whatsoever. This point is particularly stressed
in [74], where spacelike slices of the black hole spacetime are considered and it is shown
that on such a slice any infalling matter is extremely far away from the place where
the particle pairs are created. Due to the no-hair theorem [75] it is furthermore usually
assumed that the exterior of the black hole carries very little information, namely only
the total mass, angular momentum and electric charge. One can therefore argue that the
Hawking radiation can at most carry information about these three quantities.

Eventually the black hole will decay to the vacuum,™ which is usually considered to
be unique. It would therefore appear that all information falling into the black hole, for
instance arbitrary multipole momenta the infalling matter carries, is lost because it can
neither be stored in the geometry of spacetime nor in the Hawking radiation. On the other
hand, quantum mechanics, which has been used to derive this result, demands that the
evolution of all matter has to be unitary, i.e. information preserving. This contradiction
is, in essence, what is referred to as the information loss paradox.

In [13] Hawking, Perry and Strominger argue that at least one of the assumptions
underlying the argument of [22] is in fact flawed as a consequence of the presence of the
BMS symmetry. This assumption is that black holes have “no hair” in the sense that
externally they can be described using just three numbers, namely the total mass, angular
momentum and electric charge. It is pointed out that this statement is true only up
to diffeomorphisms, for instance a boosted black hole will additionally carry momentum
charge. Since the boosted black hole has a different charge it should be considered as a
physically inequivalent state. Previously it has been assumed that the maximum number
of such “diffeomorphism hair” is eleven, ten Poincaré charges and electric charge, and
that this number is far too low to carry the lost information and can have no bearing on
the paradox. When a black hole is supertranslated, however, it will potentially carry an
infinite number of superrotation charges [77] which are referred to as “soft hair”!5. Just
as boosting a black hole creates a distinguishable solution so does supertranslating one.

This can be seen from the action of the Lie derivative d;g = L¢g on N4 (as defined in

1 Qccasionally the formation of a remnant is discussed in the literature, see [76] for an overview.
'5This name is derived from a close relation between the BMS symmetry and soft photon theorems [78].
Soft photons are photons with zero energy and hard ones have finite energy.
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(2.9) and with £ = £(f,0) from (2.12))
5fNA = —3mpoaf (6.40)

and from (2.29) it follows that the supertranslated black hole indeed carries non-vanishing
superrotation charge. Since f(z4) is a general function on the sphere there can be an
infinite amount of such charges. Notice that the supertranslated black hole does not carry
any supertranslation charge, i.e. “supermomentum”, which is analogous to the fact that

translating a black hole does not create any momentum and follows from
5f mp = 0. (6.41)

Now, if the black hole evaporates superrotation charge will be carried away from it by
the quanta composing the Hawking radiation but the total amount of charge has to be
conserved. This charge conservation enforces an exact correlation between the Hawking

16 an initially stationary black

quanta of early and late radiation. Consider, for instance
hole and early quanta that carry away total momentum P. Momentum conservation
dictates that the remaining black hole has momentum —P and late quanta will carry the
same total momentum. The same argument can be made for the conservation of soft hair.
This introduces correlations between early and late quanta which would lead to a deviation
from the thermal spectrum and potentially renders the evaporation process unitary.

This argument was refuted by Bousso, Mirbabayi and Porrati [63, 64] who argue that
soft hair could not resolve the black hole unitarity problem, because their conservation
laws are automatically satisfied. This is shown using a canonical transformation which
makes it apparent that the soft modes carrying the superrotation charges decouple from
the hard ones, which carry the Poincaré charges, and evolve trivially. As a result only
the Poincaré charges evolve non-trivially and each soft charge stays the same all the way
through from Z= to Z*, such that only the conservation of Poincaré charges introduces
correlation between early and late quanta in the Hawking radiation. Staying within the
metaphor one can say that although a black hole has infinitely many soft hair, they are
perfectly combed, so that they do not tangle with the hard ones.

The presence of deformation changes this qualitative picture considerably, as we have
suggested in [58], the reason being the co-product structure and the associated modification
of the composition laws. Indeed it follows from the discussion in section 5.5 that the
addition of two superrotation charges generically depends on the Poincaré charges. Thus,
in the above discussed conservation laws the total superrotation charge of the soft modes
will generically depend on the Poincaré charge carried by the hard modes. This makes the
clear separation of hard and soft part impossible, which is crucial for the argument put
forward by [63, 64]. Notice that this effect is negligible at the LHC energy scale, since it

is suppressed by 1/k, which is expected to correspond to the Planck scale.

16 This example is taken from [63]
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We therefore find that the fundamental property of Hopf algebras, the presence of a
non-trivial coproduct structure, opens the possibility that early and late Hawking radiation
quanta are correlated after all. In respect to the information loss paradox this is only a
tentative argument at this state, since it is not clear whether the magnitude of this effect

is sufficient to introduce correlations which render the evaporation process unitary.

76



7 Conclusions

In this thesis we have investigated the consequences of the generalization of the Poincaré
to the BMS symmetry in a number of different contexts. We first explained how this
generalization arises from the analysis of asymptotic symmetries of spacetime. The key
point was that demanding only the asymptotic form of spacetime to be invariant under
symmetry transformations, instead of the spacetime as a whole, leads to a much larger,
in fact infinite-dimensional, symmetry group. We have also shown that the corresponding
symmetry algebra contains infinitely many Poincaré subalgebras, in three and in four
dimensions.

In section 3 we have analyzed the asymptotic symmetries of asymptotically flat space-
times in the Hamiltonian formulation of GR. In contrast to previous treatments we have
expressed the asymptotic expansion of the spatial metric and conjugate momenta in terms
of a Bondi-type spacetime metric using a 3+1 decomposition. An important insight of
this procedure was that the falloff conditions on the momenta translate to the requirement
that only such spacetimes are admissible that radiate a finite amount of energy. We then
found that for the class of spacetimes we consider the falloff conditions are sufficient to
remove all divergences in the theory and there is no need to introduce parity conditions.

The charges which are generating supertranslations are parametrized by two arbitrary
functions on the sphere and are finite for every mode of the two functions. The supertrans-
lation sector is therefore larger than the one of the BMS algebra, which is parametrized
by a single arbitrary function on the sphere.

A result that remains to be understood better is that spatial translations do not pre-
serve the Bondi determinant condition in our treatment. Why is it that at null infinity this
condition is fulfilled automatically whereas at spatial infinity it turns out to be too rigid?
Another intriguing question in this context is whether the supertranslation sector at null
infinity can be enlarged by dropping the determinant condition. Possibly this enlarged
algebra at null infinity is isomorphic to the one we found at spatial infinity? We hope to
address these questions in future work.

The topic of section 4 was the construction of a gauge theory in three dimensions with
BMS instead of Poincaré as gauge group. In a strict sense this can not be done because
the BMS group does not contain a central element, which is needed for the construction of
a gauge invariant action. Instead we have used the central element of the Poincaré group,
which was motivated by the observation that the resulting action generically contains
gauge fields from outside the Poincaré sector. This could potentially result in an interesting
extension of the field equations. But it turned out that in order for this action to be gauge
invariant these extra gauge fields have to be assumed to vanish, so that one is left with
just the standard Poincaré action. Furthermore, we found that this action is invariant
under supertranslations, but this invariance is trivial in the sense that the gauge fields
themselves are invariant, with the exception of two modes of supertranslations.

We have also considered the case of a finite cosmological constant, so that the gauge
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group describes the asymptotic symmetry of spacetimes which asymptotically approach
Anti-de Sitter spacetime. The main difference to the asymptotically flat case is that
supertranslations do not commute anymore. Again, the considered algebra has no central
element and we construct the action using the one from the isometry group of Anti-de
Sitter spacetime. To be gauge invariant the resulting action can only contain gauge fields
which correspond to these isometries and they are also the only transformations the action
is non-trivially invariant under. The result is therefore largely a negative one: the action
is only gauge invariant if it is constructed from the standard Poincaré gauge fields and
this invariance is lost when one tries to include BMS fields.

In the following section 5 we performed a k-deformation of the BMS symmetry. Such
deformed symmetries are expected to describe the structure of spacetimes at the Planck
scale, where quantum gravity effects become important. After reviewing some necessary
mathematical notions we showed how this deformation can be done in a constructive way
using a twist deformation. Such a deformation leaves the algebra sector unchanged but
leads to a deformed coproduct, which in turn implies a modified composition rule for
Eigenvalues of many-particle states. We found that according to this modified rule the
sum of two supertranslation or superrotation charges generically depends on charges from
the Poincaré sector.

Finally, in section 6 we discussed black hole entropy, the information loss paradox and
its relation to the BMS symmetry. In an attempt to better understand the microscopic
origin of black hole entropy we first revisited the brick wall model by 't Hooft. By in-
corporating backreaction effects of Hawking radiation on the spacetime we were able to
give a natural explanation for the appearance of the brick wall, which is a regulator that
was introduced to obtain a finite result for the black hole entropy equal to the standard
Bekenstein-Hawking expression. In our derivation the brick wall is identified with the
quantum ergosphere, the region between the event and apparent horizon. In contrast to
't Hooft’s original argument we obtain the standard expression for the black hole entropy
with high accuracy without introducing an external parameter.

In the second part of this section we explained an argument recently proposed by
Hawking et al. that is related to the BMS symmetry and potentially resolves the infor-
mation loss paradox semi-classically. They argue that since there is an infinite number of
conserved BMS charges, correlations are introduced during the black hole evaporation pro-
cess between quanta of early and late radiation. These correlations could conceivably lead
to a deviation from the thermal spectrum of the Hawking radiation and render the evap-
oration process unitary. Bousso et al. refute this argument by claiming that the modes
which carry the BMS charges evolve trivially and that they completely decouple from
modes carrying the Poincaré charges. Our results from the x-deformation of the BMS
symmetry showed that due to the deformed coproducts such a decoupling of Poincaré
and BMS modes is not possible. Such effects become large only at the Planck scale and

therefore go beyond the semi-classical treatment.
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8 Appendix

8.1 Four-dimensional deformed antipode

The deformed antipode can be obtained from its defining property (5.6) and using the
expressions for the coproduct (5.54)-(5.57) one obtains

i
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1€
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(1= 1 = ) Apr1-2ng + (1= 1= @) Ags1-2pl4n1-n) + O (83)
Sne(Apg) = —Apg — (1_22)\/5’{(1? +q)ApgS1-n1-n
+ (1_212)\/% <[(1 —n—=p)Apt1-2ng + (1 —n—q@)Apgi1-20]Sn1-n

(1= = P)Spe1ang + (1 =7 = @)Sqs1 200} An1n) + O(x72). (8.4
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